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FOREWORD 



The increasing contribution of mathematics to the culture of. 
the modern world, as well as its importance as a vital part of 
scientific and humanistic education, has made it essential that the 
mathematics in our schools be both well selected and well taught. 

With this in mind, the various mathematical organizations in 
the United States cooperated in the formation of the School 
Mathematics Study Group (SMSG). SMSG includes college and univer- 
sity mathematicians, teachers of mathematics at all levels, experts 
in education, and representatives of science and technology. The 
general objective of SMSG is the improvement of the teaching of 
mathematics in the schools of this country. The National Science 
Poxxndation has provided sxabstsuitial funds for the support of this 
endeavor. 

One of the prerequisites, for the Improvement of the teriching 
of mathematics in our schools is an improved curriculum — one which 
takes account of the increasing use of mathematics in science and 
technology and in other areas of knowledge and at the same time 
one which reflects recent advances in mathematics Itself. One of 
the first projects undertaken by SMSG was to enlist a group of 
outstanding mathematicians and mathematics teachers to prepare a 
series of textbooks which would illustrate such an improved 
curriculum. 

The professional mathematicians in SMSG believe that the 
mathematics presented in this text is valuable for all well-educated 
citizens in our society to know and that it is important for the 
precollege student to learn in preparation for advanced work in the 
field. At the same time, teachers in SMSG believe that it is 
presented in such a form that it can be readily grasped by students. 

In most instances the material will have a familiar note, but 
the presentation and the point of view will be different. Some 
material will be entirely new to the traditional curriculum. This 
is as it should be, for mathematics is a living and an ever-growing 
subject, and not a dead and frozen product of antiquity. This 
healthy fusion of the old and the new should lead students to a 
better understanding cf the basic concepts and structure of 
mathematics and provide a firmer foxindation for understanding and 
use of mathematics in a scientific society. 

It is not intended that this book be regarded as the only 
definitive way of presenting good mathematics to students at this 
level. Instead, it should be thought of as a sample of the kind of 
Improved curriculum that we need and as a source of suggestions for 
the authors of commercial textbooks. It is sincerely hoped that 
these texts will lead the way toward inspiring a mere meaningful 
teaching of Mathematics, the Queen and Servant of the Sciences. 
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PREFACE 



To The Student: 

This textbook is written for ][on to read. It is not 
Just a list of problems. 

Your mathematical growth and, as a consequence, 
the satisfaction and enjoyment which you derive from 
the study of algebra will depend largely on careful 
reading of the book. For this reason, you will find It 
important to develop effective habits of reading 
mathematics . 

Reading mathematics is not the same as reading a 
novel. You will find that there are times when you will 
understand only part of a paragraph the first time you 
read it, a little more the second time, and will feel 
sure of yourself only after the third reading. Some- 
times working out details or examples with paper and 
pencil will be necessary. 

You have a new and enriching experience ahead of 
you. Make the most of it. Go to it. 
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Chapter 1 ■ 
SETS AND THE NUMBER LINE, 

O 

1-1 • Sets and Subsets 

Can you give a description of the following: 

Alabama, Arkansas, Alaska, Arizona? 
How would you describe these? 

Monday, Tuesday, V/ednesday, Thursday, Friday? 

Include : 

Saturday, Sunday 
in the preceding group and then describe all seven. Give a 
description of the collection of numbers: 

1, 2, 3, k, 5; 
of the collection of numbers: 

2, 3, 5, 7, 8. 

You may wonder if. you drifted into the wrong class. V/hat do 
these quetitions have to do with mathematics? Each of the above 
collections is an example of a set. Your answers to the 
questions should have suggested that each set was a particular 
collection of members or elements with some common characteristic, 
Th.ls characteristic may be only the characteristic of being 
listed together. 

The concept of a set will be one of the simplest of those you 
will learn in mathematics. A set is merely a collection of 
elements (usually numbers in our work). 

Now we need some symbols to indicate that we are forming or 
describing sets. If the members of the set can be listed, we may 
include the members v/ithin braces, as for the set of the first 
five odd numbers: 

(1/ 3, 5; 7, 9); 

or the set of all even numbers between 1 and 9; 

(2, k, 6, 8); 
or the set of states whose names begin with C: 

(California, Colorado, Connecticut} . 
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Can you list all the elements of the set of all odd numbers? 
Or the names of all citizens of the United States? You see that 
in these cases we may prefer or even be forced to give a descrip- 
tion of the set without attempting to list all its elements. 

It is convenient to use a capital letter to name a set, such 

as 

A = (1, 3, 5, 73 

or 

A is the set of all odd numbers between 0 and 8, 
A child learning to count recites the first few elements of 
a set N v/hich we call the set of counting numbers ; 

N = (1, 2, 3, 4, ,..). 
We write this set with enough elements to show the pattern and 
then use three dots to mean "and so forth, " When we take the 
set N and include the number 0, we call the new set the set W of 
whole numbers : 

W = [0, 1, 2, 3, ^, . . •) . 
An interesting question now arises. How shall we describe a 
set such as the set of all even whole numbers which are greater 
than 8 and at the same time less than 10? Does this set contain 
any elements? You may not be inclined to call this a set, 
because there is no way to list its elements. In mathematics we 
say that the set which contains no elements is described as the 
empty , or null , set. We shall use the symbol 0 to denote the 
empty set, 

V/arningI The set (0} is not empty; it contains the element 
0, On the other hand, we never write the symbol for the empty 
set 0 with braces . 

Perhaps you can think of more examples of the null set, such 
as the set of all whole numbers betv;een ^ and 

Notice that when we talk in terms of sets, we are concerned 
more with collections of elements than with the individual 
elements themselves. Certain sets may contain elements which also 

*V/e sometimes refer to counting numbers as "natural numbers." 

[sec. l-l] 
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belong to other sets. For example, let us consider the sets 

R = (0, 1, 2, 3, 4) and S « {o, 2, 4, 6) , 
Form the set T of all numbers vvhich belong to both R and S, Thus, 

T « (0, 2, 4). 

We see that every element of T is also an element of We say 
that T is a subset of R, 

If every element of a set A belongs to 
a f3et B, then A is a subset of B. 

Is T a subset of S? 

One result Is that every set is a subset of itself I Check 
for yourself that (o, -|, 3, ^) Is a subset of itself. We shall 
also agree that the null set 0 ±b a subset of every set. 

Problem Set 1-ia 
1. List the elements of the set of 



(a) 


All odd whole numbers from 1 to 12 inclusive. 




(b) 


All numbers from 0 to 50, inclusive, v/hich are squares 


of 




whole numbers. 




(c) 


All two-digit whole numbers, each of whose units digit 


is 




twice its tens digit. 




(d) 


All whole numbers from 0 to 10, inclusive, which are the 




square roots of v/hole numbers. 




(e) 


All cities in the U. S. with population exceeding five 






million. 




(O 


All numbers less than 10 which are squares of whole 






numt^ers . 




(e) 


Squares of all those whole numbers which are less than 


10. 


(h) 


All v/hole numbers less than 5 and at the same time 






greater than 10. 
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Given the follov/itig sets: 

P. the set of wn^le numbers greater than 0 and less than 7; 

13 

Q, the set of ccP^Hting numbers less than 

R, the set of nu^^bers represented by the symbols on the faces 

of a die; 
S, the set (1, 2. 3, ^, 5, 6). 

(a) List the elements of each of the sets P, Q, R. 

(b) Qive a des^nption of set S. 

(c) Prom the aP^Wet^s to (a) and (b) decide how many possible 
descriptions a set may have. 

Find U, the set of ail whole numbers from 1 to k, inclusive. 
Then find T, th^ set of squares of all members of U. Now 
find V, the set of numbers belonging to both U and T. 
(Did you "include 2 tn V? But 2 is not a member of T, so that 
it cannot belong to both U and T J Does every member of V 
belong to U? V ^ subset of U? Is V a subset of T? Is U 
a subset of T? • 

Returning to pr^^blem 3, let K be the set of all numbers each 
of which belong^ either to U or to T or to both. (Did you 
include 2 in K? You are right, because 2 belongs to U and 
hence belongs to either U or to T. The numbers 1 and 1^ 
belong to both ancj T but we include them only once in K.) 
Is K a subset of U? Is U a subset of K? Is T a subset of K? 
Is U a subset of U? 
Consider the fo^X^ sets ff 

A « [0) 

B « (0, 1} 

C = [0, 1, 2) 

How many dlffer^^lt; subsets can be formed from the elements of 
each of these four sets? Can you tell, without writing out 
the subsets, tn® number of subsets in the set 

D « (0, 1, 2, 33? 
What is the ruj^ you discovered for doing this? 
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A set may have any number of elements. How many elements are 
In the set of all odd numbers between 0 and 100? Could you count 
the number of elements? Do you need to count them to determine 
how many elements there are? 

How many elements are In the set of whole numbers which are 
multiples of 5? (A multiple of 5 is ^ whole number times 5.) 
Can you count the elements of this set (that is, with the count- 
.ing coming to an end)? 

Consider a set whose elements can be counted, even thov :he 
Job of counting would entail an enormous amount of time i 
Such a set is the set of all living human. beings at a giv: 
instant. On the other hand, there are sets whose elements cannot 
possibly be counted because there is no end to the number of 
elements. 

We shall say that a set is finite if the elements of the set 
can be cotinted, with the coxinting coming to an end, or if the set 
is the null set. Otherwise, we call it an infinite set. We say 
that an infinite set has infinitely many elements . 

Sometimes a finite set may have so many members that we 
prefer to abbreviate its listing. For example, we might write the 
set E of all even numbers between 2 and 50 as 

E = [U, 6, 8, *^8). 

Problem Set l-^lb 
1. How many elements has each of the following sets? 

(a) The set of all whole numbers from 10 to 27, inclusive. 

(b) The set of all odd numbers between 0 and 50. 

(c) The set of all multiples of 3. 

(d) The set of all multiples of 3 from 0 to 99, Inclusive. 

(e) The set of all multiples of 10 from 10 to 1,000 inclu- 
sive. 
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Classify the following sets (finite or Infinite): 

(a) All natural numbers, 

(b) All squares of all counting numbers. 

(c) All citizens of the United States. 

(d) ' All natural numbers less than one billion. 

(e) All natural numbers greater than one billion. 

Given the sets S = (0, 5, 7, 9) and T = (0, 2, k, 6, 8, 10). 

(a) Find K, the set of all numbers belonging to both S and T. 
Is K a subset of S? Of T? Are S, T, K finite^ 

(b) Find M, the set ^^f all numbers each > ^ngs to 
S or to T or to uuth. (We never incluuu tue same number 
more than once in a set.) Is M a subset of S? Is t a 
subset of M? Is M finite? 

(c) Find R, the subset of M, which contains all the odd 
numbers in M. Of which others of our sets is this a 
subset? 

(d) Find A, the subset of R, which contains all the members 
of M which are multiples of 11. Did you find that A has 
no members? What do we call this set? 

(e) Are sets A and K the same? If not, how do they differ? 

(f ) From your experience with the last few problems, could 
you drav/ the conclusion that subsets trf!: finite sets are 
also finite? 

Referring to the definition of a multiplei^^^ 5 given above In 
the text, define an even whole number in i^tjrms of multiples. 
Is 0 an even number? 
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1-2. The Number Line . 

In your study of arithmetic you began by using numbers to 
count, and later you thought of the.m in terms of symbols apart 
from counting. You have also worked with points on scalesi or 
lines, such as on a ruler or a thermometer. Suppose we now 
associate. numbers with points on a line. 

First,, we draw- a line, regarding it as a set of points. How 
many points? Certainly, there are infinitely many points. -Now 
let us associate some of these points with numbers in the follow- 
ing way: 

Choose two distinct points on the line and label the point on 
the left with the symbol 0 and on the right with 1. 



Using the interval between these points as a unit of measure, and 
beginning at the point associated with 1, locate points equally 
spaced along the line to the right. We think of '-.a process as 
continuing without end, even though we cannot sho^^ he prccess 
beyond the i---ght margin of the, page. 

■ 1 ^ ^ ^ 

0 1 

Now label these points from left to right, labellis eaibi point with 
the successive whole numbers. Oir line now looks like t>)ils : 



* 1 ^ 



0 



We notice that each whole number is followed on right by its 
successor . V/hat is the successor of 105? Of 10GO00005? Choose as 
large a counting number as you can imagine. Does fts e a 
successor? Give a rule for finding the successor of a counting 
number. VJhat does this imply? For one thing, since ^eh counting 
number has a successor, there cannot be a largest camT^isis number, 
and the set of counting numbers is infinite. 

17 
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Let us be certain to understand that every whole number is now 
attached to a point of the extended line and every point so far 
located on this line is associated with a whole number. This 
correspondence betv/een sets of numbers and sets of points on a 
line is an idea we shall use many times in this course. 

Starting with the line on which points are labeled with 
Whole numbers, we can label other points by dividing t'he intervals 
into halves, thirds, fourths, etc, to obtain 



1 


1 \ 1 




c 
& 

2 

1 


) 

! J. i 

2 S 

1 


0 

i i i 

> 2 2 


3 - 

L i ] 

! 2 5 


1 - — 1— 
3 

L 7 
I 2 


c 


> 1 2 


• 1 1 -1 

I 3 



1 

3" 



2 



3 

T 



4 



6 

T 



7 
J 



9 



9 

3" 



10 

T 



etc. 



1 1 1 1 



0 

0 
4 



1 
4 



2. 
4 



4 



i — \ — \ — I — I 1 — h— h"«tc. 



4. 



5, 
4 



6 
4 



2 

4 



2 

4 



4 



10 Jl 
4 4 



3 
12 
4 



13 
4 



14 
4 



etc. 



wiiere we visualize an unending set of lines with the intervals 
divided into successively greater numbers of parts. 

Now put all these together on one line. V/e have a labeling 
of points corresponding to some of the elements of a set of 
numbers which are called rational numbers . 

18 
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0 1 2 ' I 



etc. 



£ 4 I f I i f ^ 

33 3 '3"^ 33^33 
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2 2 
1 



0 1 2l456.7 8S!21i3|ll^ 
tif444T4 44 4 4 4 4 4 

etc. 

We shall call a line on which we label points with numbers, as we 
did above, a number line . The number associated with a point is 
called the coordinate of the point. 

At this time let us review what is meant by a "fraction." 
Notice that the coordinate of the point on the number line 
corresponding to 2 has many different names: 

^, 3, If, etc. 

Each of these symbols is a fraction and each is a different name 

for the same number 2. The number ne d by "^" can also be 
represented by fractions: |, qp, etc. Also, the number 

named by ".6" can be represented by: |, fo' 15' ^ Seneral, 

we shall mean by a fraction a symbol v^hich indicates the cnotient 

of two numbers . 

A number which can be represented by a fraction indicating 
the quotient of two whole numbers , excluding division by zero, 

« «1 c 3 1001 
is called a rational number . Thus, 2, 3^, .0, -^f are 

examples of rational numbers. Later we shall study rational 
numbers which correspond to points to the left of 0 on the 
number line. We shall also see later that hot all fractions 
represent rational numbers, but. by definition every rational 
number can be represented by a fraction. Represent the following 
rational numbers by fractions: 3^, 7, 3.5> 0. 

19 
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The important points to remember are: 

(1) A rational number can be represented by a fraction. 
( Must it be represented by a fraction?) 

(2) The set of all whole numbers is. a subset of the set of 
all rational numbers; that is, all whole numbers are 
rational numbers. (Are all rational numbers whole 
numbers?) 

(3) There are many possible names for the same number. 

(k) 'v^e have a process for locating the point on the number 
line cori^espoEsirLng to any given rational number^ that 
is, for each element of the set of rational numbers- 
there is a corresponding point on the number line. 

You may think we will use up the supply of points in this 
process of assigning numbers to points. Are we sure that :between 
any two distinct points, no matter how close, there is another 
point? V/e can answer this question for points corresponding to 
rational numbers as follovjs: Choose two such points, for 

example the points with coordinates ^ and ^. We know that -| has 

the names: p ^, etc., and has the names: j, ^, ^, 

j^, etc. Then a number between ^ and is a number 

between ^ and We can choose any one of ^ as such 

a number. ^-v^ JS. ^iL 

H-l-M 1 1 

0 i i I z 

± i \ 

JL Ji 

24 24 

eta 

Thus, the points with coordinates ^ are between the 

points with coordinates ^ and ^. 

This process of finding a point between points by finding a 
number between numbers cou2d be carried out for any two points, 
no matter how close. This, serves to show us tjiat there are not 
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only a great many points between any two given points, but 
Infinitely many points. 

Now we are quite sure that every rational number corresponds 
to a point on the number line. Do you think that every point on 
the number line (to the right of O) corresponds to a rational 
number? In other words, do you think we can label every point 
* 3 the r'-:' i With rational number? 

The anawer to this question, amazingly, is "No." Later this 
year we shall prove this fact to you. And we shall soon 
associate numbers with points to the left of 0. Meanwhile, we 
assume that every point -fee the right of 0 has a number coordinate, 
although some of these numbers are not rational. 

To summarize the abuve statements: There are infinitely 
"many points on the number line. There are also infinitely 
many points with rationa:L numbers as coordinates. Indeed, there 
are infinitely many potirta between each pair of points on the 
number line. Although have seen this only for points with 
rational coordinates, it is also true for all points. 

In Chapters 1 through k we shall be concerned with the set ol 
numbers consisting of 0 and all numbers corresponding to points or 
the right of 0. In these chapters when we speak of "numbers of 
arithmetic" we shall mean numbers of this set. 

Problem Set l-2a ^ 

1. How many number? are there between 2 and 3? Between ^ and 

2 3 

^3^ 7 List two numbers between 2 and 3; between and -^g^. 

2. On the number line indicate with heavy dots the points whose 
coordinates are 



(a) 
(b) 




(c) 



Rational numbers represented by fractions with denomi- 

1 20 
nators 5, beginning with and ending with 

0, 0.5, 0.7, 1.1, 1.5, 1.8, 2, 2.7, 3.5, ^, ^.1. 
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(d) Vfliich of the symbols shown in parts (a) an'^ ' ^ -^re not 

fractions? VJhich of the symbols in (a) represent 

rational numbers? 

In the problem 2(b), the coordinate of the point associated with 
20 

could have had another name, the common name of a na1;ural 
number. What would this be? Can you write four other names 
of the number that could serve as the coordinate of this 
point? 

4. Write six names for the coordinate of the point associated with 
3 

T- 

5. On the number line we see that some points lie to the right of • 
others, some to the left of others, some betv/een others. How 
Xs the point with coordinate 3,5 located with respect to the 
j)oint with coordinate 2? Which is the greater of 3.5 and 2? 
How is the point with coordinate 1.5 located with respect to 

' the point with coordinate 2? Which is the greater of I.5 and 2? i 

6. Betvieen vjhich successive whole numbers will you find ~? Is 

22 QQ 

-y- greater than 3.1? Does the point with coordinate ^ lie 

to the left of the point with coordinate 3.2? Between what 
two numbers expressed in tenths does ^ lie? 

♦7. VJhat can you say about a set S of whole numbers if it has the 
two characteristics: ^ - 

(1) 2 is an element of S; 

(2) v/henever a number belongs to S its successor also belongs 
to S? 



Let us return to the idea of a set of numbers and visualize a 
set on the number line. For example, each element of the se^t 

A = [1, |, 3, 5) 

22 
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is a number associated v/ith a point on the number line. We call 
this s'et of associated points the graph of the set A. Let us 
indicate the points of the graph by marking them specially with 
heavy dots: 



1 I H ♦ 1 

0 i 2 3 4 5 6 

Thus, the graph of a set of numbers is the corresponding set of 
points on the number line whose coordinates are the numbers of 
the set, and only those points. 

In passing, we note that the grapiis of the set N of counting 
numbers and the set W of whole numbers are: 



N 1 ♦ ♦ ♦ ♦ ♦ ♦ ^ 

0 12 3 4 5 6 7 

W ♦ ♦ ♦ ♦ ♦ ♦ ♦ f-etc. 

0 I 2 3 4 5 6 7 

From these diagrams we see immediately that N is a subset of W. 
The graphs of the sets of even and odd whole numbers are: 



EVEN 1 1 f H- 6 1 » 1— etc. 

0 I 2 3 4 5 6 7 

OOD , 4 1 ^ 1 1 , etc. 

0 12 3 4 5 6 7 

Problem Set l-2b 

1. Given the sets S = (0, 3,-^ ^, and T = (0, 2, k, 6, 8, 10). 

(a) Find the set K, the set of all numbers belonging to both 
S and T, and the set M, the set of all numbers each of 
which belongs to S or T or to both, 

(b) Draw four identical number lines, one below the other. 
On successive lines show'^the graphs of the sets S, T, K, 
and M, ) 

(c) What schemes do you see fcr obtaining the graphs of K 

[sec^ 
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and M from the graphs of S and T? 
2. Consider the sets A = (0, 5, 7, 9} and B = (1, ^, 8, 10}. 

(a) Dravj.two identical number lines, one below the other, 
and on these lines show the graphs of A and B. 

(b) If set C is the set of numbers which are members of both 
A and B, what do you infer about set C from the graphs 
of A and. B? What Is the name of this set? 



3. Every finite set except the null set has the property that it 
can be paired off, one-to-one, with a finite set of natural 
numbers. For example, the set of all letters of the English 
alphabet can be paired off, one-to-one, with the set of the 
first 26 natural numbers. 

1, 2, 3, 4, 26 



a, b, d, . . . , z 

An infinite set, however, cannot be paired off, one-to-one, 
with a finite-set. Furthermore, it has the surprising pro- 
perty that all its members can be paired off, one-to-one, 
with the elements of some proper subset of itself. (A proper 
subset of a set is one which does not contain all the ele- 
ments of the set.) How can the set of whole numbers (which 
is infinite) be paired off, one-to-one, with the set of all 
multiples of 3 (which is a proper subset of the set of 
whole numbers?) 



1-3. Addition and Multiplication on the Number Line . 

We have seen how to portray sets of numbers on a number line. 
Now let us use the number line to 'Visualize addition and multi- 
plication of numbers. 

At the beginning we recall that 

5+3 

24 
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is a symbol for a number obtained by adding 3 to 5r'-'^This can be 
interpreted as moving from. 0 to 5 on the number line and then 
moving from this point three units to the right, thereby locating 
a point with coordinate 5+3. 



5 H 3 



5+3 



H 1 1 1 i H ' ' 1 • • 

I 2 34 5 6 78 9 10 



As a different example let us find 

3+5 

on the number line. We move from 0 to 3 and then move 5 units to 
the right, thereby locating the point with coordinate 3+5. 

345 



1 



H 1 1 1 1 ^■ 



0 I 2 3 45678 9 10 

These two addition processes are different, as we see by the 
diagrams, although they terminate at the same point. That is, 
"5 + 3" and "3 +5" are different symbols for the same number 8. 

We may wonder whether addition on the number line will always 
be possible. Will the sum of any two rational numbers on the 
number line be a rational number'? It is suggested that you think 
about this question carefully. 

The procedure of multiplying two counting numbers on the 
number line is similar to that of addition if we recall that, for 
example, 

3x2 

is a symbol for the number obtained by adding three 2«s. On the 
number line this is Interpreted as using the segment from 0 to 2 
as a measure and moving to the right from 0 a distance of three 
such segments; we thereby locate the point with coordinate 3x2. 

3X2 

I— ^-^- t— " H 

. ! — I — 1— • — I — I — ' — t — 

0 12 3 4 5 6 7 
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As a different example, consider 

2x3 

which Is a symbol for the number obtained by adding tv/o 3«s. On 
the number line we use the segment from 0 to 3 and move to the 
right from 0 a distance of two such segments. The terminal point 
has coordinate 2x3. 

2X3 



» 1 K-^ — I 1 ^ 



6 



Prom the diagrams we observe that these two multiplications on 
the number line are different, but again they terminate at the 
same point. 



Problem Set 1..3 
Perform the following operations on the number line: 
(a) 4 + 6 (d) 5 X 2 

(t>) 3 X 4 / X 4 a 

(c) 0-.0.8 ^-^^ 

(f ) 4 X 1 

Describe a procedure for subtracting numbers on the number- 
line. Apply your procedure to 

(a) 6 - 2, (b) 7-3, *(c) 1.8-1 
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We may visualize the multiplication of rational numbers on the 
number line as follows: Consider " | X ^ which la a eymbol 
representing two-thirds of |. On the number line we divide 
the set;ment from 0 to ^- Into three equal parts and locate the 
point corresponding to the right end of the second part. 



0 I I 2 

Perform the following operations on the number line: 
(a) |x 4, (b) |. 

(a) If we add any two odd numbers, will their sum be an odd 
number? Give an example. 

(b) If we multiply any two odd numbers, will their product 
be an odd number? Give an example. 

Consider the set T « [1, 2, 3, k] . If we select any element 
of this set and add to it any element of the set (including 
adding an element to itself), what is the set S of all 
possible sums? Is S a subset of T? 

Consider the set Q « [0, 1). Choose any element of Q and 
multiply it by any element of Q, Including the same element. 
What is the set P of all possible products? Is P a subset of 
Q? 

Consider the set Q = (1, 3, 5, 7, 9 . • • ) • As in problem 6, 
list all the products of any element of Q times any element 
of Q. This set is P = (1, 3, 5, 7, 9, 3? Is a subset 

of Q, and we describe this property of the odd numbers by 
saying that the set Q is "closed under multiplication. " In 
general, we say that if a set K is given, and a certain 
operation is applied to all pairs of elements of K, and if the 
resulting set P is a subset of K, then set K is closed unde^ 
the operation. 

27 
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(a) Is the set Q above closed under addition? 

(b) Is ohe set of even numbers closed under addition? Under 
the operation of taking the average? 

(c) Is the set of v/hole numbers closed under addition? Under 
multiplication? 

(d) Is the set of rational numbers closed under addition? 
Under multiplication? 

(a) Describe a set that Is closed under the operation "twice 
the product , " 

(b) Describe a set that Is closed under the operation "tiNTlce 
the product and add one." 

Summarize the Important ideas In this chapter. 
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Chapter 2 
NUMERALS AUD VARIABLES 



2-1. Nvnnerals and Numerical Phrases . 

Most of your life you have been reading, writing, talking 
about, and working with numbers . You have also used many different 
' names for the same number. Some numbers have one or more common 
names which are the ones most often used in referring to the num- 
bers. Thus the common name for the nvmiber five is "5" and for one 
gross is "i44". Common names for the rational number one-half are 
and "0.5". A problem in arithmetic can be regarded as a prob- 
lem of finding a common name for a number which is given in some 
other way; for example, 17 times 23 is found by arithmetic to be 
the number 391 . 

Hie names of numbers, as distinguished from the numbers them- 
selves, are called nvmierals . Two numerals, for example, which re- 
present the same number are the Indicated sum + 2" and the 
Indicated product "2 x 3". The number represented in each case is 
6 and we say that "the number 4 + 2 is 6", "the number 2 x 3 is 6", 
and "the nvmiber 4 + 2 is the same as the number 2 x 3". Wiese 
statements can be written more briefly as "4 + 2 » 6", "2x3= 6", 
and "4+2=2x3". Ihls use of the equal sign illustrates Its 
general use with numerals: An equal sign standing between two num- 
erals indicates that the numerals represent the same, ntanber. 

We shall need sometimes to enclose a numeral In parentheses in 
order to make clear that it really is a numeral. Hence it is con- 
venient to regard the symbol obtained by enclosing a numeral for a 
given number in parentheses as another numeral for the same number, 
•mus "(4 + 2)" is another numeral for 6 and we might write 
"(4 + 2) = 6". ]h order to save writing, the symbol for multiplica- 
tion "X" is often replaced by a dot ".''.Hence "2x3" can be written 
as "2-3". Also to save writing, we agree that two numerals placed 
side-by-side is an indicated product. For erarople "2(7 - is 
taken to mean the same as "2 x (7 - ^Y'. Notice, however,, that "23' 
IS already established as the common name for the number twenty- 
three and so cannot be interpreted as the indicated product "2 x 3'' 
A similar exception is "2^" which means "2 + \" rather than "2 x t^" 
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We may, howeve: , vr-ite "2(3)" or "(2) (3)" ir: place of "2 x 3". 
-Similarly, "2 x light be replaced by "24*^ or "2(^)". 

Consider th- -pression "2x3 + 7". 'Zs this a numeral? Per- 
haps you will STT'i^ ^^-tha,t it is since 2x3 r 6 snd hence 

2x3-^7«6h-7 = 
On the other har/)^ - ^meone zz;^^ might decide -^nai since 3 + 7 

2x3 -7 = 2xic=: . 
Let us examirie . expression more carefuli: ,/ do we read it? 

What, numerals ^ • ,,aved in it? Obviously " "3", and ''7" are 
numerals, but wharf. ut "2 x 3" and "3 + 7'^/ "l^.r is true that 
"2 X 3", as an ir-o -ed product, and "3 + T\ s an indicated sum, 
are both numerals, jwever, within j:he express! on "2x3 + 7", 
if "2 X 3" is an ir ;icated product, then "3 + cannot be an in±2- 
cated sum, or, if 3 + 7" is an indicated sum, .hen "2 x 3" cannaTb 
be an indicated product. Therefore, without additional information 
to decide between these alternatives, the expression "2 x 3 + 7" is 
really not a numeral since it does not represent a definite ntmiber. 
Another expression in which the same problem arises is "10 -5x2" 
In order to avoid the confusion in expressions of this kind, we 
shall agree to give multiplication preference over addition and sub - 
traction unless otherwise indicated. In other words, "2x3+ 7" 
will be read with "2 x 3" as an indicated product, so that 2x3+7 
=: 13. Similarly, "10 - 5 X 2" will be read with "5 x 2" as an indi- 
cated product so that 10 - 5 x 2 = 0. 

parentheses can also be used to indicate how we intend for an 
expression to be read. We have only to enclose within parentheses 
those parts of the expression which are tg be ta]<:en as a numeral. 
Thus, in the case of "2x3 + 7"/ we can write "(2 x 3) + 7" if we 
want "2 X 3" to be a niomeral and "2 x (3 + 7)" if we want "3 + 7" 
to be a numeral. In other words, the operations indicated within 
parentheses are taken first. You should always feel free to insert 
whatever parentheses are needed to remove all do.ubt as to how an 
expression is to be read. 

Another case in which we need to agree on how an expression 
should be read is illustrated by the following example: 

M6-- 2) 
13 - 3 ) 
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It is -oRderstood that the expressions above an6 2?'«" ■ -taei fraction 
bar are to be taken as numerals. Therefore the P-s^irv: -iaslorr an 
£n3Clcai:«d quotient of the numbers 5(6 - 2) and 1' ^ 

Problem Set 2-la 

1.. MPit^ six other numerals for the number 8. How •'J^^Jiy r:«3mrals 
are there for 8? 

2. In each of the following, check v*xether the nuffle~''.l3 the 
saiDS- number. 

(a) 2 + 4 X 5 and 22 (e) 4 + 3 x 2 enc 3) x 2 

(b| (2 + 4) X 5 and 30 (f ) (3 + 2) + 5 ' *" '2 + 5) 

(c) 3 X 3 - 1 and 6 (g) l4 - 4 x 3 a « 

(d) 2 X 5 + 1 and (2 X 5) + 1 (h) + |) + | " (f + 7) 

3. Write a common name for each numeral. 

(a) 2x5+7 (e) |(5 + 7 X 3, 

(b) 2(5 + 7) (h) ^^(5) + I 

(c) (4 + i5)(2 + 5) (i) ^[l : V 

(d) 2.3(5.1) (J) ^^-^1^^ 

(e) (8 -3)6+4 (k) g-l-5 

1 . 1 

(f) ^ + 15(2) + 5 (1) f . 

1 - h 



Expressions such as "4 + 2", "2 x 3", "2(3 + 7), 
it^l _ l.)(i6 + '^) - 5" are examples of numerical phrgsBBB . 2ach of 
these is a nximeral formed from simpler numerals. A numerical 
phrase is any numeral given by an expression which Involves other 
nxnnerals along with the signs for operations. It needs to be 
emphasized that a numerical phrase must actually name a mjnfl)er, 
that is, it must be a numeral. Therefore, a meaningless sxpress ion 
such as "(3 +) X (2 +)-" is not a numerical phrase. Even, the ex- 
pression "2x3+7" is not a numerical phrase without the agree- 
ment giving preference to mxiltlpllcatlon. 
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:Imanerl:3al phrases may be combined to form nimierlcal sentencesj 
.^e, , ??}entences which make statements abcrjit nimibers. For example, 

2(3 + 7) = (2 + 3)(4 ^ 0) 
is £. sentence which states that the nxjmber represented by "2(3 + jj^ 
is t5re same as the number represented by "(2 + 3) (4 + 0)", It is 
read ''2(3 + 7) is equal to (2 + 3)(4 ^ 0)", and you can easily 
verify thar it is a true sentence. 

Consider the sentence, 

*(3 + 1)(5 - 2) = 10. 
This senter:ce asserts, that the number (3 + l)(5 - 2) is 10. Does 
this bother you? Perhaps you are wondering how the author could 
have made such a ridiculous mistake in arithmetic, because anyone 
can see thnt (3 + 1) (5 - 2) is 12 and not 10 ! However, 
"(3 -f 1)(5 - 2) = 10" is still a perfectly good sentence in spite 
or the fact that it is false. 

The lniportant fact about a sentence involving numerals is that 
It Is either? true or false, but not both. Much of the work in 
algebra is concerned with the problem of deciding whether or not 
certain sentences involving nmerals are true. 



Problem Set 2-lb 

1. Tell which of the following sentences are true and which az?e 



false. 






(a) (3 + 7)^ = 3 -V 7(^) 


(f) 


1| + 4 - 3 = i|+ (4 


(b) 4(5) + 4(8) r... 4(13) 


(s) 


5(7 + 3) = lo{^ + 1) 


(c) 2(5 + !■) = 2(5) + 2(i) 


(h) 


12 12, 


(d) 23 - 5(2) = ,36 


(i) 


3(8 + 2) = 6 X 5 


(e) 1^=7+1 


(J) 


12 + (2 X 3) = 12(9) 


(k) 3 + 7(9 + 2) 


= (3 


+ 7)(9 + 2) 



2. Write a common name for each ntmeral. 

(a) 8 + 3(5 - 2) - (9 - 5) 

(b) 3.2(5) +7-^ 

(c) (2)(3) ^ 2(6 - 3) 
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(d) 3(2|,,. 18 

(e) iLZ^ 

(f) 0.6(2(3) + 4) (3) - if 

3. You are explaining the use of parenth^es tr a friend who dic-es 
not know about them. Insert parentheses in each of the follow- 
ing expressions in such a way that ttse expression will still jbe 
a numeral for the same number. 

(a) |- X 6 + 3 (c) 2 X 3 + 4 X 3 

(b) 2 • 5 + 6 . 2 (d) 3 X 8 - 4 

k. Insert parentheses in each of the following expressions so that 
the resulting sentence is true. 



(a) 


10 - 


■ 7 - 


■ 3 = 


= 6 




(J) 


3x5- 


2x4 = 7 




3 • 


5 + 


7 = 


36 




(k) 


3x5- 


2 X 4 = 52 


(c) 


3 • 


5 + 


7 = 


22 




(1) 


12 X 1 


- 1 X 9 = 51 


(d) 


3 . 


5 - 


4 = 


3 




(m) 


12 X I 


- ^ X 9 = 3 


(e) 


3 • 




4 = 


11 




(n) 


Z2 X I 


- i X 9 = 18 


if) 


3 X 


.5: -+ 


2 X 


4 = 


23 


(o) 


3 + 4 • 


6 + 1 = 49 


(s) 


3 X 


5 + 


2 X 


4 = 


84 


(P) 


3 + 4 • 


6 + 1 = 31 


(h) 


3 X" 


5 + 


2 X 


4 = 


68 


(q) 


3 + 4 • 


6 + 1 = 43 


(1) 


3 X 


5 - 


2 X 


4 = 


36 


(r) 


3 + 4 • 


6 + 1 = 28 



2-2. Some Properties of Aodltlon and Mul tlpl Ic a tlon . 

At the end of (Jhapter 1, you recalled addltton and its 
representation on the number line. We are now going to consider 
:: some of the properties* of addition. First: of all, addition Is a 
blnaiy operation, in the sense that it is always performesi on two 
numbers. Uils may not seem very reasonable at first Q i^r^ ^ s±Ece 
you have often added long strings of flguzss. Try an si^srlmeEfS: 
on yoiirself . Try to add the niombers J, 8, 3 siimiltaneaus2;gr. No 

♦Property, in the most familiar sense of the ssard, is something 
you have. A property of addition is somethlBg: addition has; X^e. , 
a characteristic of addition. A 'similar ricommon usage of the WEird 
would be "sweetness Is' a property of sugssr". 

[sec. 2-2] 

o 

ERIC 



2k 

matter haw you attempt it, you s-'^e f oread to .-hoose two of :he aim- 
bers, add them, and then add tha third -jo this sum. Thus, vhen we 
write 7-8 + 3, we really mean [7 + 8 -^3 cr 7 + (8 + 3). We use 
parentheses here, as we have in ^he paut:^ gc single out cert2±2i 
grcups oz\ numbers to he operatec on first. !2tus, (7 + 8) + ^ 
iplies that we add 7 anc 8 and ttean add : tc iSrat sum, so that we 
think "15 + 3". . SimilEcly, 7 + (8 + 3) isEirl^^s that the sum a« 8 
and 3 is added to 7, giving 7 + 11- Le- - go one step frr^her 

and observe that 15 + 3 = l8, and 7 + - -^^ We have thusf^otaid 
that 

+ 8) + 3 = 7 + 5 - 3) 

is a true sentence. 

CJheck whether or not 

(5 + |) + I = 5 + (| + |) 

is a true sentence. 
CJieck similarly 

(1.2 + 1.8) + 2.6 = 1.2 + (1.8 ~ 2.6), 

and 

It is apparent that these sententr^ have a ccamaon pattern:, 
and they all turned out to be true. iSffe concILude tsat every sen- 
tence having this pattern is true. lE^rHs is a property of sMition 
of numbers; we hope that you will trx to formulatesr it forr yourself . 
Compare your effort with a statements ^ch as thisr: If jm a 
second number to a .£lrst number* an£ teen a third rmjmber tc ttssdr 
sum, the outcome is the same if yon :M£. ^e second ^lunfeen issd the 
third number and then add their ^aam::^ lite first ntsnbeE. 

This property svf addition 1^ c£CI^ "me - assoclafci:^ property 
of addition . It is one of tfes basir: fecniE about taie nunaaer ^^stem— 
one of the facts on which aHL of maara3St±cs depestds. l^ucldeEiSally, 
it is often handy for cutting: down tSE-^caik in afliSz^ In tiie 
second example above, for iisatance, '^+~#" is aiard^hfiar ?^aiK fc^ 
so that "5 + (| + 1^)" produces a s 3w>n^f?- additiosi than 
n^5 + 3 J + i". Similarly, in the third example, 1.2 + 1.8 =:Z-s 
which of the two expressions "(1.2 + 1.-&) + 2.6" 
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and "1.2 >f ''l.S + 2.6)^ leadi^ to a simpler second addition? 

Now let us look at the i ourth example. Neither "(j + ^) - 

nor + (|- + I")" gives a particularly simple first sum to help tir 

with the second sum. IT we could only add § tc ^ first, this 

woxild give 1, and adding i- to 1 is easy! What v:e would like ±z tu 

IIP 

take the first indicated suia in "(^ + ^) + and write i'; instead 

as "(|- + J)", in order to put "i" next to To do thif^ vn- Tieed 

to know that 

7 ^ 2 = ^ ^ r 

is a true sentence. 

Althoii^cn, we can perfectly well do trie arithmetic to check this, 
let us Clrsr consider some simpler exampilfis. Is the sentence 

5 + 5 = 5 + 3 

true'!' Perhsps you think: '*If I earn $3 today smd $5 tomorrow., 1. 
ahaxl earn the same amount as if I earn $5 today smd $3 tamorrOT. " 
Serhsps John thinks: "Walking three miles before Ivinch and f±v^ 
miles after lunch covers the same distance as walking Similes be- 
fore ..lunch and 3 miles after l\inch." 

Now regal 1 the ntamber line. What did we find out, Chapt^ 
1, about mo^7ing from 0 to 5 and then moving three tmlta the 
rlghi, and how did this compare with movlx^ from C to 3 zmd then 
moiling 5 units to the right? What does this say about 5 • and 
3 + 5? Similarly, on the number line, decide vrtaether thr roHow- 
Ing are true sentences : 

0+6=6+0, 
2i + 5 = 5 + 2|. 

^3iis. -property of addition is probably 'very fsnL-liar zo you. 
Xt calied v:;he commutative property of addition . ^!*ry oo formii- 
late It rcr-yoxarself , and compare your statement wit:: the follow- 
ing: If two numbers are added in different orders, the results 
are the same. 

The associative property of addition tells us that an indi- 
cated Sim may be written with or without parentfeeses as grouping 
symbols, as we wish. The commutative property, in turn, tells us 
that the additions, vrtiich are always of two sirofc*^^ at a time, my 
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be performed in any order. For instance, if we consider 

32 + 16 + 18 + h, 
the associative property tells us that we do not have to use par- 
entheses to group this indicated sxam, because any way we gnmp it 
gives fche sajne result. We may, if we wish, Just add l6 to 32, then 
l8 to their sum, and then 4 to that sum. The commutative property 
tells us that we may choose any other order. For purposes of 
mental arithmetic, it is easier to choose pairs whose sums a^re 
m\iltiples of 10 and consider them first. We may think of 
"32 + 16 + iB + k'' as "(32 + l8) + (l6 + 4)", where the iir±icated 
sums mean that we first add 32 and l8 (because this gives -the "easy" 
sum 50), then l6 and k, and finally the two partial sums 5vl and 20. 
In our thinking, we first used the commutative property -ct Inter- 
change* the l6 and the l8 in the original indicated sum. 

Problem Set 2-2a 

1. Consider various ways to do the following computations mentally, 
and find the one that seems easiest (if there is one). Then 
perform the indicated additions in the easiest way. 

(a) 6 - (8 + k) (e) 2i- + 3| + 6 + 7^ 

(b) 2 ^1 ^1,. I ^ (f) (2^+1) ^ 

(c) 5|- + 6 + li||- (g) (1.8 + 2.1) + (1.^ + 1.2 

(d) I + I (h) (8 + 7) + ^ + (3 + 6) 

2, From the tip of a mouse's nose to the back ol* his head 1b 32 
millimeters; from the back of his head to tins base of his tail 
71 millimeters; from the base of his tail to the tip of -h±s 
tail 76 millimeters. What is the length of the ms^use f!rom the 
tip of his nose to the tip of his tail? Is he thss sae :,:^Xis^ 
from the tip of his tall to the tip of his nose? W^: dc you 
think we include this exercise here? 



We sirall now look at the corresponding properties, of mul^tipIEl- 
catlon^ 'ZlDnslder this sentence, 

(7 X 6) X ^ - 7 X (6 X i-), 
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Check whether or not this is a true sentence; be sure to carry out 
.the multiplications as indicated. Similarly check the truth of the 
sentences 

(4 X 1.5) X 3 « ^ X (1,5 X 3) 

and 

(| X 7) X 4 = f X (7 X 4), 
Once again, we find that these sentences are true, and that they 
fit a common pattern. We conclude that all sentences of this 
pattern are true, and call this property of mvQtiplication the 
associative property of multiplication . Recall your effort towards 
stating in words the associative property of addition, and make a 
similar statement for the associative property of mvQtiplication. 

In the examples above, the indicated multiplications were not 
always eqxxally difficult. In the first sentence, '1(7 x 6) x 

which becomes "42 x j", is more work to carry out than "7 x (6 x 
^ich becomes just "7/x 2". VJhich phrase in the second sentence 
is easier to handle? Thus the associative property of mvQtiplica- 
tion. Just as the associative proj)erty :of addition, can be used 
to simplify mental arithmetic. 

In the third sentence, neitlsr form led to a particvQarly 
simple second product. The easiest; thing to do wovQd be to take 
^ X 4 first, even though ^ and 4 are not adjacent in either phrase, 
and then to multiply by 7. Is this legal? We could be s\ire that 
it is if we knew that 

I X 7 - 7 X f 

were a true sentence. This is a possible interchange we might like 
to make before applying the associative property. (What would be 
another?) 

As in the previous section, make up some simple problems 
about walking or earning money which verify the truth of a sentence 
such as 

2x5=5x2. 

You have also had the experience in Chapter 1 of seeing on the 
number line that 

2x3=3x2 
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is a true sentence. You also know, from arithmetic, that you may 

perform long multiplication in either order, and you have probably 

used this to check your work: 

256 63 
63 256 

1536 315 
loli^ 126 

All these, in various situations, are Instances of the 
commutative property of multiplication ; If two numbers are to be 
multiplied, they may be multiplied in either order with the same 
result. 

As in the case of addition, the associative and commutative 
properties of multiplication tell us that we may, in an indicated 
product, think of the numbers grouped as we choose, and may also 
rearrange such a product at will. Thus In finding 9 x 2 x 3 x 50, 
it is convenient to handle 2 x 50 first, and then to multiply 
9 X 3, or 27, by 100. 



Problem Set 2->2b 
Consider various ways to do the following computations 
mentally, and find the one that seems easiest (if there is 
one). Then perform the indicated operations in the easiest way. 

(a) 4 X 7 X 25 ) 2 ^ J I 

(b) I X (26 X 5) (g) 6 X 8 X 125 

(c) 73 + 62 H- 27 (h) (1-25) X 5.5 X 8 

(d) (3 X 4) X (7 X 25) (i) (2 X 5) X 1.97 

(e) 12 X 14 



How about 





(J) 




X i 


to compute 








957 
X 222 


or 


222 , 

X 251 • 




3.89 
X l4i 


or 

38 


X 3.85 • 
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2-3 The Distributive Property . 

John collected money In his homeroom. On Tuesday, 7 people 
gave him 15/ each, and on Wednesday, 3 people gave him 15/ each. 
How much money did he collect? He figured, 

15(7) + 15(3) = 
105 + 45 = 
150. 

So he collected $1.50. 

But now we shall ask him to keep different records. Since 
everyone gave him the same amount. It is also possible to keep sun 
account only of the n\jmber of people who have paid him, and. then 
to multiply the total number by 15. Then his figuring looks like 
this: 

15(7 + 3) = 
15(10) = 
150. 

The final result is the same In both methods of keeping accounts; 
therefore 

15(7) + 15(3) = 15(7 + 3) 
is a true sentence. Since the above true sentence means that 
15(7) + 15(3) and 15(7 + 3) are names for the same number, we might 
also have written 

15(7 + 3) = 15(7) + 15(3). 
Half the money John collected is to be used for one gift, and 
one third of it for another. How much is spent? Again, the com- 
putation can be performed in two ways: 

150(|-) + 150(|) = 



75 + 50 = 
125. 



150(| + 3-) = 
150(1 + |) = 



150(g) = 
125. 

As before, we have found a true sentence, 

150(|) + 150(|) = 150(| + ^). 

Another way of writing the same true sentence would be 

150(| + |) = 150(^) + 150(^). 
[sec. 2-3] 
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Let us try another example. Mr. Jones ovmed a cligr lot, 150 
feet deep, with a front of I62.5 feet. Adjacent ttro his lot, and 
separated from It by a fence. Is another lot with the ssme depth, 
but with a front of only 37*5 feet What are the areas, in square 
feet, of each of these two lots, £ nd what is their sum? Mr. Jones 
buys the second lot and removes t:ie fence. Ninwr vehat is 3he area 
of the lot? 

The number of square feet in the new lot" is 
150(162.5 + 37.5) = 



162.5' 



375' 



150' 



u 




u 




z 




u 




Ll 





We 



150(200) = 
30000. 

The total area of the two 
separate lots is 

150(162.5) + 150(37.5) = 
24375 + 5625 = 
30000. 

Thus, 

150(162.5 + 37.5) = 150(162.5) 
is a true sentence. 

Let us look more closely at two of our iznce ssntences. 
wrote 

15(7) + 15(3) - 15(7 + 3). 
15(7) represents one number, vriiich we have chosen to write as an 
indicated product; so does 15(3). Thus 15(T) ^^5(3) is an indi- 
cated sum of two numbers. On the other hand.^ 7 "-^ 3 represents a 
number which we have chosen to write as an ind±cated sum, and so 
15(7 + 3) is an indicated pn^oduct. Thus the sentence 

15(7).^ 15(3) = 15(7 + 3) 
asserts that the Indicated svm and the indicated product are names 
for the same number. The true sentence 

.150(1 + ^) = 150(|) + 150:L§) 

makes a similar statement. 
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Problem Set 2-3a 
1. Test the truth of the following sentences: 



(a) 


2*4 + 5-4 = 7-4 




(b) 


15.2 = 7-2 + 8-2 




(c) 


25(^^0 + 3) = 25(^^0) 


+ 25(3) 


(d) 


3(2) + 6(3) = 9(6) 




(e) 


13(19 + 1) = 13(19) 


+ 13(1) 




2(| + = 4 + 2^ 




(e) 


12(| + |) = 12(|) + 


12(|) 




3(2.5) + 3(1.5) = 3(2.5 + 1.5) 



It appears that we have found a pattern by vrtilch true sentences 
may be formed. Try to say to yourself in various ways what this 
pattern is. After you have made an effort, compare your result 
with the following: The product of a nxanber times the am of two 
others is the same as the product of the first and second plus the 
product of the first and third.. This property is called the 
d istributive property for multiplication over addition , or Just, 
as we shall frequently say, the distributive property. 

A8 in the case of the other properties we have studied, the dis- 
tributive property has much to do with arithmetic, both with devices 
for mental facility and with the very foundations of the subject. 
In our first example, the comparison in arithmetic labor between 
"15(7) + 15(3)" and "15(7 + 3)" favors the indicated product, be- 
cause 7+3, or 10, leads to. an easy multiplication. In the next 
example, however, the comparison between "150(5-) + 150(^)" and 
"150(|- + ^) " favors the indicated sum, because it is more work to 
add the fractions ^ and ^ than it is to add 75 and 50. Which form 
was easier in the third example? In the sentences of KoblemSet 2-3a? 

More Important than these niceties of mental manipulation is the 
role of the distributive property in much of our arithmetic tedmlque 
such as, for example, in long multiplication. How do we perform 

>ri62 

X 23 ? 
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This really means that^we take 62(20 + 3) as 62(20) + 62(3), or* 
12U0 + i86. (The "O" at the end of "1240" Is imderstood In our " 
long multiplication form.) Thus the distributive property Is the. • 
foundation of this standard technique. 

Suppose we wish to consider several ways of computing the indl- i; 
cated product 

(1+1)12. - v| 

This phrase does not quite fit the pattern of the distributive 
property as we have discussed It so far. You can probably guess 
on the basis of yoxir previous experience, that 

(^+ J)12 = (|)12 + (J)12 ' 

is a true sentence. Let us, however, see how the properties as . 
we have discovered them thus far permit us to conclude the truth ! 
of this sentence. 

First we know that 

(^+^)12 « 12(| + J) 

Is a true sentence (by irtiat property of multiplication?). Then ' 
we may apply the distributive property as we have discovered It 
thus far to write 

12(1+1) « 12(^) + 12(^), . 

and apply the commutative property twice more to write 

12(^)-+ 12(^) « (J)12 + (^)12. 

The last step. Which would be unnecessary If we were Just trying 
to compute "(3-+ ^)12" In a simple fashion, finally leads to the 
desired sentence, namely 

(^^ ^)12 « (^)12 + (^)12. 
ISils sentence, once again, seems to have a simple form, and In fact 
I suggests an alternate pattern for the distributive property which 
I; [sec. 2-3] 
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18 obtained from o\ir previous pattern by several applications of the 
commutative property of m\iltipli cation. In your own words, state 
:this alternate pattern. What pattern is suggested by the sentence 

(|)12 + (^)12 = (j+ ^)12 ? 



1. 



2. 



Problem Set 2-3b 
Follow the pattern of any convenient form of the distributive 
property in completing each of the following as a true sentence 

(a) 12(3 + 4) = 12( ) + 12( ) 

(b) 3( ) + (7) = 3(5 + 7) I 

(c) (2.5 + ^^.5) = (2.5)'^ + ('^.5)'^ 

(d) 24(^ + ^) 

(e) 7( ) + 6( ) = 13( ) 

(f) (3 + 11)2 = 

Consider in tv;o different ways Eind in each case decide which, 
if any, is the easier computation. Then perform the indicated 
operations in the easier way. 



(a) 27(J) + 27(J) 

(b) (|)12 + (J)12 

(c) (.36 + .14). 6 

(d) 12(5 + 5) 



(e) (2.3 + 4.6) + 7-7 

(f) 6(|+ |) 

(g) .71(.8) + .2(.7l) 

(h) 3(2+7+6+5) 



3. The figure below shows a number of triangles 





What relation holds between the area of triaungle ACD and the 
areas of the two triangles EPI and POH? Use the formula for 
the area of a triangle in terms of lengths of base and alti- 
tude. 
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4. Write a common name for 

(| + |)11 + (|+ |)7. 
(Hint) Think of + ^ as one numeral, and don»t start working 
until you have thought of a viay of doing this exercise which 
isn't much work. 

5. Write the common names for 

(a) 8(| + |) + (| + |)7 

(b) 7(| + I + f) + 5(| + |) 

*(c) 5(| + J + 1) + 7(| + |) 

6. Write conunon names for 



(a) 


3 X (17 + 4) X ^ 


(S) 


7^^) + ^2 


(b) 


3(17 + 4) 


(h) 


3(|) + f 


(c) 


|(3 + 8)10 


(1) 


3(17) + 12 


(d) 


3(7) + 3(11) 


(J) 


6(19) + 19 


(e) 


3(7) + 3(2) 


(k) 


(10 + 2) X 4 X |- 


(f) 


3(7) + 6 


(1) 


(10 + 2) X 4 
2 



2-4. VaaMables . 

Consider, for a moment, a simple exercise in mental arithmetic: 
"Take 6, add 2, mtiltiply by 7, and divide by 4". 
Following these instructions, you will no doubt think of the 
succession of numbers 

6, 8, 56, Ik 

and observe that i4 is the answer to the exercise. Pretend now 
that your best friend is absent from class and that you have 
promised to give him a detailed report on the day's work. With 
your friend in mind, you write down the Instructions for each step 
of the exercise as follows: 

44 
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6 

6 + 2 
7(6 + 2) 
7(6 + 2) 

Does this method of writing the exercise give more information or 
less information? It clearly has the advantage of showing exactly 
what operations are involved In each step, but it does have the 
disadvantage of not ending up with an answer to the exercise. On 
the other hand, the phrase "lll^" is a numeral for the answer 
14, a fact which is readily shown by doing the indicated arithmetic 

This is an Imaginary situation in which you were led to. record 
for your friend the form of the exercise, rather than Just the 
answer . It illustrates a point of view which is basic to mathe- 
matics. There will be many places in this course where it is the 
pattern or form of a problem which is of primary Importance rather 
than the answer . As a matter of fact, we are rarely Interested 
only in the answer to a problem. 

Try the exercise with the following instructions: 
"Take 7, multiply by 3, add 3, 
multiply by 2, and divide by 12." 
What is the phrase which shows all of the operations? Is it a 
numeral for the same number you obtained mentally? 

Let us noK^^do one of these exercises with the added feature 
that you are permitted to choose at the start any one of the num- 
bers from the set 

S = fl, 2, 3, . . 1000). 
The instructions this time are: 

"Take any nximber from S, m\altiply by 3, 
add 12, divide by 3, and subtract 4." 
This exercise might be thought of as actually consisting of 
1000 different exercises in arithmetic, one for each choice of a 
starting number from the set S. Consider the exercise obtained 
by starting with the number 17. The arithmetic method and the 
pattern method lead to the following steps: 
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; Notice that, by the distributive property for ntimbers and since 
r: 12 = 3(4), 

3(17) + 12 = 3(17) + 3(4) = 3(17 +4), 

so that 

_ 3(17) + 12 3(17 -f 4) , 
3 - 3 - 17 + 

Therefore 

3Mi^ . 4 , 17 + 4 - * = 17. 

: In other words, the final phrase obtained in the "pattern" is a 
numeral for 17 . Try some more choices from the set S. Will you 
always end up v/ith the number you chose at the start? One method 
r of ansv/ering this question v/ould be to work out each of the 1000 
: different exercises! Perhaps you have already:iguessed, from v/brk^ 
^ ing the pattern for several casBs, that it loaymot be necessary 
; to do all of the 1000 exercises to answer the aibove question. 

Let us examine the pattern of the exercise more closely. - 
: Observe first that the pattern really does not depend on the ntamber 

chosen from the set S. In fact, if we refer to the nxamber chosen 
c by the word "nxamber", the steps in the exercise become: 

number 
3 (number) 
3 (number) +12 

3(nx3mber) + 12 

%' 3 

3(number) + 12 u 

In order to save writing, denote the chosen number by "n". Then 
• the steps become: 
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n 

3n 

3n + 12 

3n + 12 
3~ 

3n + 12 u 
5 ^• 

Note that "n" is used here as a nvmeral for the chosen number and 
that the phrase in each of the other steps is also a numeral. 
(Thus, if n happens to be 17, then the indicated product "3n" is 

a nmeral for 51-) In partlcxilar, the phrase ^ 4 is a 

numeral for the "answer" to the exercise. Fforeover, by the dis- 
tributive property for numbers, 

3n + 12 = 3n + 3(4) = 3(n + 4). 

Hence 



Therefore, 



3n ^ 12 ^ 3(n ^ 4) ^ 



3n + 12 . 4 = n + 4 - 4 = n. 



Since "n" can represent ajar particulxET element of the set S, we 
conclude that the end result in this exercise is indeed always the 
same as the number chosen at the start. 

The above discussion illxistrates the great power of methods 
based on pattern or form rather than on simple arithmetic. The 
method, in a sense, enables us to replace 1000 different arithmetic 
problems by a single problem! 

Woidd the discussion of the exercise be changed in any essential 
way if we had decided to denote the chosen number from S by some 
letter other than n, say m or x? 

A letter used, as "n" was used in the above exercise, to denote 
one of a given set of numbers, is called a variable . In a given 
computation Involving a variable, the variable is a nimiffEal which 
represents a definite though unspecified, number from a given set 
of admissible ntmbers. The admissible niimbers for the variable "n" 
In the above exercise are the whole numbers from 1 to 1000. A num- 
ber vdiich a given variable can represent is called a value of the 
variable. The set of values of a variable is sometimes called its 
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domain . The domain of the variable "n" In the above exercise is 
the set S =: (1, 2, 3, . . 1000). Unless the domain of a 
variable is specifically stated, we shall assume It to be the set 
of all nmbers. For the time being, we are considering only the 
nimbers of arithmetic. 



Problem Set 2-4, 

1. If the sum of a certain number t and 3 Is doubled, v*xlch of 

the following would be a correct form: 

2t + 3 or 2(t + 3) ? 
2* If 5 Is added to twice a certain number n and the susr Is 

divided by 3, wrxlch Is the correct form: 

2n^i_l or % + 5 ? 

3. If one- fourth of a certain numberrs: ±s added to one third of 
fo\ir times the same nmiber, which J.s the correct form: 

|{^x) .f |(x) or 4{^) + \M ? 

4. If the nvmiber of gallons of milk purchased Is y, which Is the 
correct form for the nvmiber of quart bottles that will contain 
It: 

4y or ^ ? 

5. If a Is the number of feet In the length of a certain rect- 
angle and b Is the nvmiber of feet In the width of the same 
rectsmgle. Is either form the correct fonn for the perimeters 

a + b or ab ? 

6. If a is 2, b is 3, c Is ^ , m Is 1 and n Is 0, then what 
Is the value of (that is, what nimiber is represented by): 

(a) 6b + ac (f) n(c + ac) 

. (b) (a + b)(a + m) (g) ^^-^ 
(c) 6(b + ac) (h) m(b - 4c) 

fci\ + ° (i\ 5f3a + 4b) 

^'^^ 2{a + b)^ 

(e) nc + ac (j) a + 2(b + m) 



7. Find conunon names for 

(a) %C + 32, when C is 85 
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(b) when h is 4, a is 3, and b is 5 

(c) P(l + rt), when P Is 500, r is 0.04, t is 3 

(d) -f-, when a Is 4, r is 2, J ±b 48 

(e) iwh, when ^ is l8, w is 10,h Is 6 

If a is 3, b is 2, and c is ^i, then what Is the value of 

(a) i3a_±Ji|i^, (c) 

(b) (6a - 4b) + 5c , (l.^a 3-y>) - 2-1° ? 

Stairanarlze the new ideas, including definitions, which have 
been introduced in this chapter. 
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Chapter 3 

SENTENCES AND PROPERTIES OP OPERATIONS / 

:3-l. Sentences , True and False 

When we make assertions about ntimbers we write sentences , such 

as 

(3 + 1)(5 + 2) = 10 
Remember that a sentence ts either true or false, but not both. 
This particular sentence Is false. 

Some sentences, such as the one above, involve the verb 
meaning "is" or "is equal to". There are other verb forms that 
we shall use in mathematical sentences. For example, the symbol 
V" mean "is not" or "is not equal to". Then 

8 + 4 / 28. 2 

is a true sentence, and 



8 + 4/|i 



is a false sentence. 



Problem Set S-l 

Which of the following sentences are true' Which are false? 

1. 4 + 8 = 10 + 5 11. 65 X 1 = 65 

2. 8 + 3 = ID + 1 12. 13 X 0 = 13 

3. 4 + 8 = 8 + 4 13. |(7) ^ 2(J) 

4. 5 + 7 ?^ 6 + 6 14. = i| 
J;5. 1 + 1= 1 + 1 15. 8(|) =fj 

6. ^-j^QS 

7. 13 + 0/15 + 0 

fa. 12(5) 5(12) 

i: 9. 7(6 X 3) = (7 X 6) X 3 

10. 8(|.- ^) = 8(i) - 6{\) 50 
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3-2. Open Sentences 

We have no trouble deciding whether or not a niamerical sen- 
tence is true, because such a sentence involves specific numbers. 
Consider the sentence 

X + 3 « 7. 

Is this sentence true? You will protest that you don't know vrtiat 
number "x" represents; without this information you cannot decide. 
In the same way you cannot decide whether the sentence, "He is ja 
doctor," is true until "he" is identified. In this sense, the 
variable "x" is used In much the same way as a pronoun in ordinary 
langxiage. 

Consider the sentence 

3n + 12 = 3(n + 4), 
with vrtiich we worked in Section 2-4 when the idea of a variable 
was first. introduced. Again we cannot decide whether this sentence 
is true on the basis of the sentence alisne, but here we have a 
different situation. As before, we could decide if we knew what 
number "n" represents. But in this case we can decide without 
knowing the value of n. We can recall a general property of 
numbers to show that this sentence is true no matter what number 
"n" represents . (What did we call this general property of numbers?) 

We say that sentences such as 

X + 3 = 7 

and 

3n + 12 := 3(n + 4), 
which contain variables, are open sentences. The word "open" is 
suggested by the fact that we do not know whether they are true 
without more information. An open sentence is a sentence Involving 
one or more variables, and the question of whether it is true Is 
left open until we have enough additional information to decide. 
In the same way, a phrase involving one or more variables is called 
an open phrase . 
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Problem Set 3-2a 
In each of the following open sentences, determine whether 



the 


sentence is true if 


the variables 


have the stiggested values: 


1. ' 


7 + X = 12; let X 


be 5 




2. 


7 + X 12: let X 


be 5 




3. 


y + 9 =^ 11; let y 


be 6 




4. 


t + 9 = 11: let t 


be 6 




5 


J 3j' let X 


be 3j let x 


be 4 


6. 


2y + 5x = 23; let x be 4 and y 


be 3; let x be 3 and y 




be 4 






7. 


2a - 5 ?^ (2a + 4) - 


bj let a be 


9 and b be 9j let a be 




3 and b be 9 






8. 


Sm + X = (2in + 3) + 


xj let X be 


4 



If we are given an open sentence, and the domain of the variable 
Is specified, how shall we determine the values, if any, of the 
variable that will make It a true sentence? We coiUd guess various 
numbers until we hit on a "truth" nianber, but after the first guess, 
a bit of thinking coxad guide us. 

Let us experiment with the open sentence "2x - 11 = 6". As a 
first guess, try a number x large enough so that 2x is greater 
than 11; let x be 9. Then 

2x - 11 = 2(9) - 11 
= 7. 

Thus, the numeral on the left represents 7, which Is different 
from 6. Apparently 9 was too large; so we try 8 for x. Then 

2x - 11 = 2(8) - 11 
= 5. 

Here the niomeral on the left represents 5^ which .Is also different 
from 6. Since 8 was too small, we try a niomber between 8 and 9, 
say 8|«. Then 

2x - 11 = 2(8|.) - 11 
6. 

"6 = 6" Is a true sentence; so we find that the open sentence 
"2x - 11 = 6" is true If x is 8|-. Do you think there are other 
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values of x making it true? Do you think every open sentence has 
a value of the variable which makes it true? which makes it false 

Problem Set 3-2b 

Determine what numbers, if any, will make each of the follow, 
ing open sentences true: 

1. 12 - y = 8 6. 4x - 3x = 14 

2. 4y + 5 = 45 7. s + 3 = s + 2 

3. 3x - 2 = 10 8. t + 2t ^ 27 + 3t 

4. 3x - 2 = 15 9. t + 3 = 3 + t 

5. Ux + 3x = 14 10- U + 1)2 5^ 2x + 2 



9 



"a- a" 



If a variable occurs in an open sentence in the form 
meaning "a multiplied by a", it is convenient to write "a- a" 
"a^", read "a squared". 



as 



Problem Set 3-2c 

1. Try to find values of the variables which make the following 
open sentences true: 

(a) x^ = 9 (e) X + 2 = 9 

(b) - 4 - x^ = 0 (f) (X - 1)2 = 4 

(c) x^ = X (g) 4 + x^ = 0 

(d) - 1 = 3 (h) x^ + 7 = 7 

2. What is a value of x for which 

is a true sentence? 

3. A number of interest to us later is a value of x for which 
"x^ =2" is a true sentence. We call this number the square 
root of 2, and write it V^- ^^ter you will find that 

is the coordinate of a point on the number line. Approximately 
where on the number line wovdd it lie? 
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3-3, Truth Sets of Open Sentences 

Let the domain of the variable in the sentence 

3 + X « 7 

be the set of all niimbers of arithmetic. If we specify that x 
has a particiilar value, then the resulting sentence is true or is 
false. For instance. 
If 



X Is 


the sentence 


l3 


0 


3 + 0 = 7 


false 


1 


3 + 1 = 7 


false 


1 
? 


3 + |-= 7 


false 


2 


3 + 2 = 7 


false 


k 


3+4 = 7 


true 


6 


3 + 6 = 7 


false 



In this way the sentence "3 + x = 7" can be thought of as a 
sorter ; it sorts the domain of the variable into two subsets. 
Just as you might sort a deck of cards into two subsets, black and 
red, the domain of the variable is sorted into a subset of all 
those numbers which make the sentence true and another subset of 
all those numbers vrtiich make the sentence false . Here we see that 
4 belongs to the first subset, while 0, 1, i, 2, 6 belong to the ' 
second subset. 

The truth set^ of an open sentence in one variable is the set 
of all those numbers from the domain of the variable which make 
the sentence true. If we do not specify otherwise we shall con- 
tinue to assume that the domain of the variable is the set of all 
numbers of arithmetic, (Recall that the numbers of arithmetic 
consist of 0 and all numbers vftiich are coordinates of points to 
the right of 0,) 



Problem Set 3-3a 

1, Test. whether the number belongs to the truth set of the given 
open sentence: 



(a) 7 + X = 12j 5 

(b) 7 + 9 11; 6 

(c) ^^^/3; 3 
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(d) 2x + 1 o 2(x + l)j 3 

(e) X + i = 2j 3 

(f ) 3in = m + 2m; 5 

(g) + 2n / n(n + 2); 3 

2. With each of the following open sentences is given a set which 
contains all the numbers belonging to its truth set, with 
possibly some more. You are to find the truth set. 

(a) 3(x + 5) = 17; (0, |, |, 1) 

(b) x^ - (4x - 3) = Oj (1, 2, 3, 4) 

(c) x^ + ^ - -^x = Oj (1, 2, 6, ^) 

(d) X + i = 2; (1, 2, 3) 

(e) x(x + 1) = 3xj {0, 1, 2) 

(f) 52^= 3; (0, 2, 4) 

(g) X -I- 1 = 5x - 1; (1, |, 2) 

(h) X + 2 = X + 7; (0, 2, 3) 

3. Write an open sentence whose truth set is the null set p. 



Many formulas used in science and business are in the forms 
of open sentences in several variables. For example, the formula 

V = ^ 

is used to find the volume of a cone. The variable h represents 
the number of units in the height of the cone; B represents the 
nxjmber of square units in the base; V represents the number of 
cubit units in the volume. When values are specified for all but 
one of the variables in such a fonnula, the resulting open sentence 
contains one remaining variable. Then the truth set of this sen- 
tence^ gives information about the number represented by this 
variable. 

Continuing the example, let us consider a particvilar cone w4iose 
volume is 66 cubic feet and the area of whose base is 33 square 
feet. Prom this information we determine that V is 66 and B is 33, 
and we write the corresponding open sentence in one variable h, 
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66 = i.(33)h. 
The truth set of this sentence is (6). 

Applying this information to the cone, we find that the height 
of the cone is 6 feet. 

Problem Set 3- 3b 

1. The formula used to change a temperature P meastored in degrees 
Fahrenheit to the corresponding temperature C in degrees 
Centigrade is 

C = |-(P - 32). 
Find the value of C when P is 86. 

2. The formula used to compute simple interest is 

i = prt, 

where i is the number of dollars of interest^ p is the num- 
ber of dollars of principal, r is the interest rate, and t 
is the number of years. ' Find the value of t when i is 
120, r is 0.04, and p is 1000* 
.3. A form\ila used in physics to relate pressure and volume of a 
given amoxmt of a gas at constant temperature is 

pv = PV, 

where V is the number of cubic units of volume at P i:inits 
of pressure and v is the number of cubic units of volume at 
p units of pressure. Find the value of V when v is 600, 
P is 75, and p is I5. 

The formvila for the area of a trapezoid is 

A = i(B -f b)h, 

where A is the number of square units in the area, B is the 
number of units in the one base, b is the ntimber of xmits in 
the other base, and h is the number of xmits in the height. 
Find the value of B when A is 20, b is 4, and h is 4. 



3-4. Graphs of Truth Sets 

The graph of a set S of numbers, it will be recalled, is 
the set of all points on the number line corresponding to the num- 
berp of S, and only those points. 
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Thus, the graph of the truth set of an open sentence contain- 
ing one variable is the set of all points on the number 
line whose coordinates are the values of the variable which 
make the open sentence true. Let vis draw the graphs of a 
few open sentences. 

Truth Set 



(a) 
(b) 

(c) 
(d) 
(e) 
(f) 



Sentence 



X ^ 3 



Graph 



3 + X 



(7 



+ x) 
3y 



- 4. 



(2) 

All nijmbers 
of arithmetic 
except 3 

All numbers 
of arithmetic 



y(y + 1) 
3y = 7 

2x + 1 = 2(x + 1) 



(0, 2) 



_^ 1 

0 1 


4 — 

2 


-\ — 

3 


— 1 

4 

1 


1— 

5 




1— 

2 

1 1— 


■i- 


4 


H»- 

5 


-A 1 


1 2 


H — 

3 


i 

4 

1 


— i*- 

5 

— (- 


0 


r— t- 


-r- 


4 


5 


-H 

0 




r-tr 

1 — r- 


— 1 — 

3 

-t- 


1— 

4 


— h- 
5 

-r 



(Graph contains no points) 
You will notice in (b) that we indicate that a point is included 
In the graph if it is marked with a heavy dot, but not included 
if it is circled. Hhe heavy lines indicate all the points that 
£ire covered. The arrow at the right end of the ntonber line in (b) 
and (c) indicates that all of the points to the right are on the 
graph. 



Problem Set 3-4 

State the truth set of each open sentence and draw its graph: 

1. x + 7-10 6. 3+X/6 

2. 2x = X + 3 7. 2x + 3 = 8 

3. X + X/2X 8. 5?^3n + l 

4. X + 3 = 3 + X 9. y- (i)y y 

5. (x)(0) = X 10. x^ = 2x 
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3-5* Sentences Involving Ineqiialltles 

If we consider any two different numbers, then one is less 
than the other. Is this always true? This suggests another verb 
form that we shall use in n\imerical sentences. We use the symbol 

to mean "is less than" and ">" to meaii "is greater than". 

To avoid confusing these symbols, remember that in a true 
sentence, such as 

8 < 12 

or 

12 > 8, 

the point of the symbol (the small end) is directed toward the 
smaller of the two niunbers. 

Find the two points on the number line which correspond to 8 
and 12. Which point is to the left? Will the lesser of two num- 
bers always correspond to the point on the left of the other? 
Verify your answer by locating on the number line points correspond- 
ing to several pairs of numbers, such as |- and 2.2; ^ and ^. 

Just as "/" means "is not equal to", ":^"' means "is not greater 
than". What does "^" mean? 

Problem Set 3-5 

Which of the following sentences are true? Which are false? 
<Use the number line to help you decide. 



1. 


4 + 


3 < 3 + 4 


7. 


5.2 


- 3.9 < 4.6 




2. 


5(2 


+ 3) > 5(2) + 3 


8. 


2 + 


1.3 > 3.3 




3. 






9. 


2 + 


1.3 i 3.3 




4. 


5 + 


0 <i 5 


10. 


4 + 


(3 + 2) < (4 


+ 3) + 2 


5. 


2 > 


2X0 


11. 


1(8 


+ 4) < 1 X 8 


-^fx 4 


6. 


0.5 


+ 1.1 = 0.7 + 0.9 


12. 


5 + 


(| + f) / (^ 


- 1)2 
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3-6. Open Sentences Involving Inequalities 
What is the truth set of the open sentence 

X + 2 > ^? 

We can ainswer this question as follows: We know that the truth 
set of 

X + 2 = 4 

is {2). When x Is a number greater than 2, then x + 2 Is a 
number greater than 4. When x Is a number less than 2, then 
X + 2 Is a number less than 4. Thus, every number greater than 
2 makes the sentence true, and every other number makes It false. 
That is, the truth set of the sentence "x + 2 > ^" is the set of 
all numbers greater than 2. 

The graph of this truth set is the set of all points on the 
number line whose coordinates are greater than 2. This is the set 
of all points which lie to the right of the point with coordinate 2 

J — ~H ( S. I i \ 1 » 

0 12 3 4 5 6 

As another example, consider the graph of the truth set of 

1 + X < 4; 

Truth sot Graph 

All nvimbers of arithmetic |)|„„„ , | | 

from 0 to 3, including 0, 0 I 2 
not including 3. 

It is customary to call a simple sentence involving an 
eqviation and a sentence Involving "<" or ">" an inequality . 

Problem Set 3-6 

1. Determine whether the indicated set of points is the graph of 
the truth set of the given open sentence. If the graph is not 
the graph of the truth set, explain why. 

(a) 2 + X = 4 

(b) 3x = 5 

(c) 2y = 7 

(d) X > 1 



H ! 

0 1 


h ■■ ■■ • — 
2 


— »— 

3 


1_ 

4 

i — 


— 1 — 

5 

— 1 — 


— 1 — 

6 

— 1 — 


— 1 — 

7 

— 1«- 


H 1 

0 1 


1— 0 — 

2 


— »- 
3 


4 


5 

— 1 — 


6 

— I — - 


7 

— 1 — 


H ! 

0 1 


1 1 — 

2 


— H 

3 


tt » 

4 


5 

» ' 


6 


7 


H 1 

0 


1 — — • — 

1 2 


— 9- 

3 


■ »" 
4 


5 


6 
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(e) 2x > 5 — I 1 1 » I \ I I I > 

0 1 2 3 4 5 6 7 
2. Draw the graphs of the truth seta of the following open 



sentences : 






(a) y = 3 


(h) 


3 + y > ^ 


(b) X / 2 


(1) 


3 + y < 


(cj X > 2 


(J) 


m < 3 


(d) 3 + y = 4 


(1^) 


m > 3 


(e) 3 + y ^ 4 


(1) 


x(x + 2) = 4x 


(f ) 2x = 5 


(m) 




(g) 2x > 5 


(n) 


3a + 2 = 3(a + 2) 



3. Below are some graphs. For each graph, find an open sentence 
whose truth set Is the set whose graph Is given. 

(a) H 1 « 1 1 h- 

0 12 3 4 5 

(b) I (} 1 1 4- 

0 12 3 4 5 

(c) -t 1 1 1 1 

0 1 2 3 4 

(d) J ^ 2 3 4 

(e) ^ i K^ I I I I P 
0 12 3 4 5 

k. If the domain of the variable of each open sentence below Is 
the set (0, 1, 2, 3, 4, 5], find the truth set of each, and 
draw Its graph. 

(a) 4 + X = 7 (d) X + 3 < 6 

(b) 4x + 3 = 6 (e) 2x + 6 = 2(x + 3) 

(c) 2x > 5 

5. If the domain -of the variable of each open sentence In 
problem 4 is the set consisting of 0, 5, and all numbers 
greater than 0 and less than 5, find the truth set of each 
and draw Its graph. 

6. Which of the truth sets In problems k and 5 are finite sets? 



ERIC 
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3-7. Sentences With More Than One Clause 

All the sentences discussed so far have been simple that is, 

they contained only one verb form. Let us consider a sentence 
such as 

4 + 1 = 5 and 6 + 2 = 7. 

Your first impression may be that we have written two sentences 
But if you read the 3^nt;ence from left to right, it will be one 
compound a^nreno^?; with tho connective and between two clauses. 
So in mathemat^CiU., 'aH v^i^ll as In English, we encounter sentences 
(declarative oen'*erxc:tr^) which are compounded out of simple sentences 

Recall that a trino^uarical sentence is either true or false. The 
compound sentence 

^+1 = 5 and 6 + 2 = 7 
is certainly false, bsjcrauae the word and means "both", aind here 
the second of the two clauses is false. The- compotind sentence 

3 > 1 + 2 and 4 + 7 > 10 
Is true, because j>g>th clauses are true sentences. 

In general, a compound sentence with the connective and is 

true if all its clauses are true sentences; otherwise, it is false. 

Problem Set 3-7a 
Which of the following sentences are true? 



1. 


4 


=5-1 and 5=3+ 


2 


2. 


5 


= li - 1 and 6 < 1 > 


<• 9 


3. 


3 


>3 + 2and4 + 7< 


11 


4. 


3 


+ 2 > 9 X ^ and 4 x 




5. 


3, 


,2 + 9'^ / 12.6 and j 




6. 


3, 


.25 + 0.3 / 6.25 





Consider next the sentence 

4+1=5 or 6+2= 7. 
this is another type of compound sentence, this time with the 
connective or. Here we must be very careful. Possibly we cam 
get a hint from English sentences. . If we say, "The Yankees or 
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the Indians will win the pennant", we mean that exactly one of 
the two will win; certainly, they cannot both win. But when we 
say, "My package or yo\ir package will arrive within a week," it 
-is possible that both packages may arrive; here we mean that one 
or more of the packages will arrive, including the possibility that 
both may arrive. The second of these interpretations of "or" is 
the one which turns out to be the better suited for our work in 
mathematics. 

Thus we agree that a compound sentence with the connective or 
is true if one or more of its clauses is a true sentence; otherwise, 
it is false. 

We classify 

4+1=5 or 6+2=7 
as a true compound sentence because its first claixse is a true 
sentence; we also classify 

5<4 + 3 or 2 + 1/ 4 
as a true compound sentence, because one or more cf its clauses 
is true (here both are true). 
Is the sentence 

3j^2. + 1 or 2>4 + l 

false? Why? 

Problem Set 3->7b 
Which of the following sentences are true? 



1. 


3 




5-1 or 5=3+ 


2 


2. 






11 ^ 3 5 11 


3 


7 


zs 


■■ 2 


3- 




> 


3+2or6<3+ 


1 




2 


+ 


3>9x|and4x|/6 


5. 


6. 


5 


+ 2.3 7^ 8.8 or 1 




6. 


5 


+ 


4 < 9 or 1 < j|. 
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3-8. Qrap hs of Truth Sets of Compoxand Open Sentences 

Our problems In graphing have so far Involved only simple 
sentences. Graphs of compound open sentences require special 
handling. Let us consider the open sentence 

X > 2 or X = 2. 
The clatises of this sentence and the corresponding graphs of their 
truth sets are: 




If a number belongs to the truth set of the sentence "x > 2" 
or to the truth set of the sentence "x aa 2", It Is a number belong 
Ing to the truth set of the compound sentence "x > 2 or x = 2". 
Therefore, every number greater than or equal to 2 belongs to the 
truth set. On the other hand, smy number less than 2 makes both 
clauses of the compound sentence false and so falls to belong to 
its truth se^^^^^ truth set is then 

X > 2 or X = 2 H 1 4 n il I I I ■ iii t i fci 

0 12 3 4 

We abbreviate the sentence "x > 2 or x= 2" to "x > 2", read 
"x is greater than or equal to 2". Give a corresponding meaning 
for 

Let us make a precise statement of the principle Involved; 

Ttie graph of the truth set of a compound sentence wlt^ 
ive or consists of the set of all points which belong to either 
one of the graphs of the two clauses of the compovind sentence. 

; Finally, we consider the problem of finding the graph of an 
open sentence such as 

x > 2 and x <■ 4. 
Again we begin with the two clauses and the graphs of their truth 
sets: 

H 1 1> » \ It* 

X > 2 O 1 2 3 4 5 

X < 4 » i ( i if H 

0 1 2 3 4 5 
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Then it follows (using an argument similar to that above) that the 
graph of the truth set of the compoTond sentence is 

X > 2 and X < ^ H » ^ ^ ^ 

012345 

Sometimes we write "x > 2 and x < 4" as "2 < x < 4". 

We see that the graph of the truth set of a compound sentence 
v;ith connective and consists of all points which are common to 
the graphs of tne truth sets of the two clauses of the compound 
sentence. 

It has required many words, carefully chosen, to describe the 
various connections between sentences, truth sets and graphs. We 
consistently referred to the graph of the truth set of an open 
sentence . In the future, let us shorten this phraso to the graph 
of a sentence . It will be a simpler description, and no confusion 
will result if we recall what is really meant by the description. 

For the same reasons we shall find it convenient to spealc of 

the point 3, or the point ^, when we mean the point with coordinate 

1 

3 or the point with coordinate ^. Points and numbers are distinct 
entities to be sure, but they correspond exactly on the number 
line. Whenever there is any possibility of confusion we shall 
remember to give the complete descriptions. 







Problem Set 3-8 




Construct the graphs 


of the following open sentences: 


1. 


X = 2 or X = 3 




2. 


X = 2 and x = 3 






X > 5 or X = 5 






X > 2 and x. < ^ 




5. 


X > 5 and x = 5 




6. 


X + 1 = if and X + 2 : 


= 5 


7. 


x + l = ^brx + 3 = 


5 


8. 


X > 3 or X = 3 




9. 


X < 3 or X = 3 




10. 


X / 3 and x 7^ 4 
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3-9- Siamnary of Open Sentences . 

We have examined some sentences and have seen tha,t each one 
can be classified as either true or false, but not both. We have 
established a set of symbols to indicate relations between numbers: 
means "is" or "is equal to" 

"^" means "is not" or "is not equal to" 

"<•' means "is less than" 

">" means "is greater than" 

"^" means "is less than or is eq\;ial to" 

"^" means "is greater than or is equal to" 

We have discussed compotind sentences which have two clauses. 
If the clauses are connected by the word or, the sentence is true 
if at least one clause is true; otherwise it is false. If the 
clauses are connected by and, the sentence is true if bo1:h clauses 
are true; otherwise it Is false* 

An open sentence is a sentence containing one or more variables 

The truth set of an open sentence containing one variable is 
the set of all those numbers viiich make the sentence true. The 
.open sentence acts as a sorter, to sort. the domaJji of . t^^ 
into two subsets: a subset of numbers vrtiich make the sentence 
true, and a subset which make the sentence false. 

The graph of a sentence is the graph of the truth set of the 
sentence. 



problem Set 3^9 
State the truth set of each of the following open sentences 
and construct its graph. Some examples of how you might state 
the truth sets are: 
Open Sentence Truth Set 
X + 3 = 5 {2} 
2x / X + 3 The set of all nmbers of arithmetic except 3. 
X + 1 < 5 The set of all numbers of arithmetic less than 4, 
2x ^ 9 The set of numbers consisting of 4^ and all num- 
bers greater than 4^. 
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.J* • 


y 4. R — 
^ T Q » 








T 1 
XX • 


OA — 






o 


Q J- tr X 
c T V ^ 
















3. 


2x = 3 








13. 


9 + t < 12 or 5 




1 7^ 6 




6 > 1 + 


3 


and 


5 + t = 4 


14, 


5x + 3 < 19 






5- 


6 > 1 + 


3 


or 


2 + t = 1 


15. 


(X - 1 ; = *f 






6. 


2 

X = X 








16, 


3x = (8 + x) - 2 






7. 


X + 2 


3 


or 


X + 4 = 6 


17. 


x^ + 2 = 3x 






8. 


1 > 3 








18. 


t + 6 < 7 and t 




6^7 


9. 


t + 4 = 


5- 


or 


t + 5 / 5 


19. 


3(x + 2) = 3x + 6 






IQ 


3a a + 5 






20. 


t + 2 / 3 and 8 




2 < 5 



3-10, Identity Elements 

Consider the truth sets of the open sentences 

5 + X = 5 
3 + y = 3 
2|- + a = 2|-. 

Do you find that the truth set of each of these sentences is 
(0)? For what number n is it true that 

n + 0 = n? 

Here we have an interesting property which we shall call the 
addition property of zero , V/e can state this property in words: 
"The sum of any niamber and 0 is equal to the niamber, " 

We can state this property in the language of algebra as follows: 

-For every number a, 

a + 0 = a. 

Since adding 0 to any number gives us identically the same 
number, 0 is often called the identity element for addition . 

Is there an identity element for multiplication ? Consider the 
truth sets of the following open sentences: 

3x = 3 
2 2 

.7 = .7y 
n(5) =5. 
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You have surely found that the truth set of each of these is [l\ 



Thus 

n(l) - n ^ 

seems to be a true sentence for all numbers. How could you state 
In words this property, which we shall call the multiplication 
property of one ? 

We can also state this In the language of algebra: / • . 

,- 

For every niimber a, . ^ 

a(l) « a. 

We can see that the Identity element for multiplication Is 1. 
Tliere Is another property of zero which will be evident if you 
answer the following questions: 

1. What Is the resxilt when any nmber of arithmetic Is multi- 
plied by 0? 

2. If the product of two nvimbers Is 0, and one of the numbers 
Is 0, what can you tell about the other nxanber? 

The property that becomes apparent Is called the multiplication 
property of zero , and can be stated as follows: 

For everjr number a, 

a{0) := 0, 

These properties of zero and 1 are very useful. For Instance, 
we use the multiplication property of 1 In arithmetic In working 
with rational numbers. Suppose we wish to find a numeral for ^ 
In the form of a fraction with l8 as Its denominator. .Of the many 
names for 1, such as |, . . ., we choose "|-" because 3 Is the 

number which mxiltiplled by 6 gives l8. We then have 




' Id) 
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$iSuppbse we now wish to add 5*0^. To do this, we desire other 
f names tor ^ and names which are fractions with the same denomi- 
?5natpr. What denominator shotild we choose? It must be a naaltlple 
|bf both 6 and 9^ but it-cannot^^ Thus 36, or l8,-or- 5^, or - 

? many others, are possible choices. For simplicity we pick the 
smallest, which is I8. (This is called the least common multiple 
of 6 and 9.) In order, now, to add 2. to ^, we already know that 



1= 



Similarly, 



G 



^(1) 

1(2) 



14 



Then 



+ 18 



+ 5 



Example . Find a conmon name for — ^ 



1+5 
— 5 — 



§+5 
— 5~ 



1^ (Why did we use|~?) 



21, 



(| + 5)21 
(f)21 

|(21) + 5(2lL- 
14+105 



9 • 
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Problem Set 3-10 
In problems 1 to 10, show how you use the properties of 0 and 
1 to find a common name for each of the following: 

1 i + 1 
±. 2 + 3 



3. 



12 iH 



20 



5. 27 + ((15| + 2|) . 18) 

6. J ({3.7 + 0.3) - 4) 

7. 163 + ^ + |) 

8. (I 1(2)) 17 

9. (6 « 6)(46)(36)(;iv - §(12)) 



10. (if - 5)(3)(5280) 

(a) If you know that the product of two numbers is 0, and 
that one of the numbers is 3, vrtiat can you tell about 
the other number? 

(b) If the product of two numbers is 0, what can you tell 
about at least one of the niombers? 

(c) Does the multiplication property of 0 provide answers 
to these questions? Is another property of 0 Implied 
here? 



3-11.. Closure 

In our work so far we have often combined two numbers by addi- 
tion or multiplication to obtain a number. We have never doubted 
that we always do get a number because our experience is that we 
always do. However, there are some primitive tribes who can count 
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only to three. Suppose you tried to teach such people to add — 
■what would you tell them when you came to "2 +2" and "2 +3"? 
Obviously, you wooild have to enlarge their set of numbers vmtil 
the Q\m of any two numbers would be a number of the set. 

The set of all numbers of .arithmetic is such a set. If you 
add any two of these numbers the sum is always a number of this 
set. When a certain operation is performed on elements of a given 
subset of the nimbers of arithmetic and the resvdting nximber is 
always a member of the same subset, then we say that the subset is 
closed under the operation . We say, therefore, that the set of 
numbers of arithmetic is closed under addition . Likewise, since 
the product of any two numbers is always a number, the set of num- 
bers is closed under mul t ipl icat ion > We state these properties 
in the language of algebra as follows: 

Closure Property of Addition ; For every number a and every 
number b, a + b is a number. 

Clos\ire Property of Multiplicatio n; For every number a and 
every number b, ab is a nimber. 



3-12. Associative and Commutative Properties of Addition and 
Multiplication . 
In Chapter 2 we discussed a number of patterns for forming 
true sentences about numbers, and saw that these patterns were 
closely connected with many of the techniques of arithmetic. What 
were some of these patterns? For instance, we found true sentences 
such as 

(7 + 8) + 3 = 7 + (8 + 5) 

and 

(1.2 + 1.8) + 2.6 = 1.2 + (1.8 + 2.6). 
We concluded a pattern for true sentences from these examples, 
which we verbalized as follows; If you add a second number to 
a first number, and then a third number to their sum, the outcome 
is the same if you add the second number and the third number, and 
then add their sum to the first number. What was the name of this 
property? 
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The algebraic language with which we have been becoming 
familiar permits us, as In the case of the properties of 1 and 0 
which we have Just studied, to give a statemenc about the above 
property In this language. We have three (not necessarily different) 
numbers to deal with at once. Let us call the first "a", the 
second "b", and the third "c", "Add a second number to a first 
number" Is then Interpreted as "a + b"; "add a third nimiber to 
their sum" Is Interpreted as "(a + b) 4 c", (Why did we Insert 
the parentheses?) Write the second half of oxor verbal statement 
in the language of algebra. The words "the outcome is the same" 
now tell us that we have two names for the same nimiber. Our state- 
ment becomes 

(a + b) + c = a + (b + c). 
For what numbers is this sentence true? We have concluded pre- 
viously that it is true for all numbers. And so we write, finally. 

For every number a, for every number b, for every number c, 
(a -I- b) + c = a 4- (b + c) , 

Some other true sentences were of the form 

1 . 1 - 1 . i 

2 ^ 3 " 3 ^ 2 

3+5=5+3, 

The property of addition which states that all sentences following 
this pattern are true we called the commutative property of addi- 
tion. It was verbalized as follows: If two numbers are added in 
different orders, the results are the same. In the language of 
algebra, we say 

For every number a and every number b, 

a + b b + a. 

How would you state the associative property of multiplication 
in the language of algebra? 

What property is given by the following statement? 

For every number a and every number b, 

ab = ba. 
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These propei'tles of the operations enable us to write open 
phrases in "other forms". For example, the open phrase 3d(d) 
can be v/rltten in the form 3(d-d), i.e., 3d'-, by applying the 
as«coiat,;ve property of multiplication. Thus, two "forms" of 
an open phrase are two nmerals for the same number. 

Among the properties with which we have Just been concerned 
are the commutativity of addition and multiplication. Why are 
we so concerned whether binary operations like addition and multi- 
plication are commutative? Aren't all the operations of arith- 
metic commutative? Let us try division, for example. Recall that 

6 4-3 

means "6 divided by 3". ' Now, test whether 

6 4-3 = 34-6 

is a true sentence. This is enough evidence to show that division 
is not a commutative operation. (By the way, can you find some a 
and some b such that a 4- b = b 4- a?) Is the division operation 
associative? 

Another very interesting example for the counting numbers is 
the following: let 2**3 be defined to mean (2)(2)(2); and 
3 2 to mean (3) (3). In general, a ** b means a has been used 
as a factor b times. Is the following sentence triJe: 

5 ** 2 = 2 ** 5? 

Do you conclude that this binary operation on counting nmbers is 
commutative? Is it associative? 

You may complain that this second example is artificial. On 
the contrary, the ** operation defined above is actually used in 
the language of certain digital computers. You see, a machine 
is much happier if you giye it all its instructions on a line, 
and so a "linear" notation was devised for this operation. But 
you see that to the machine the order of the niombers makes a 
great difference in this operation. Is there any restriction on 
the types of numbers on which we may operate with **? 
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Problem Set 3-12 

1. If X and y are numbers of arithmetic, the closure property 
assures us that 3xy, 2x and therefore, (3xy)(2x) are numbers 
of arithmetic. Then the associative and commutative properties 
of multiplication enable us to write this in another form: 

(3xy)(2x) = (3.2)(x-x)y 

= 6x2y 

Write the indicated products in another form as in the above 
example : 

(a) (2m)(mn) (d) (|ab)(6c) 

(b) (5p^)(3q) (e) (10a) (lOb) 

(c) n(2n)(3m) (f) (3x)(12) 

2. If X and y are ntmibers of arithmetic then the closure 
property allows us to think of 12x^y as a numeral which re- 
presents a single number; The commutative and associative 
properties of multiplication enable us to write other num- 
erals for the same number. (4xy)(3x), (2x)(6xy), and 

(12x y)(l) are some of the many ways of writing 12x^y as 
indicated products. Similarly, write three possible indicated 
products for each of the following. 

(a) Sab^ (d) xV 

(b) 7xy^ (e) S^a^bc^ 

(c) lOmn (f) 2c 

3. Which of the following sentences are true for every value of 
the variable? Explain which of the properties aided in yovir 
decision. 

(a) m(2 + 5) = (2 + 5)m 

(b) (m + 1)2 = (2 H- l)m 

(c) (a + 2y) + b = (a + b) + 2y 

(d) 3x + y = y + 3x 

(e) (2a + c) + d = 2a(c + d) 

(f ) 2c + 6 = 6 + 2c 

(g) .5b (200) = 200(.5b) 

(h) (2uv)z = 2u(vz) 
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(i) (2 2^ 2 ^2 2^ 

(J) 3x + y X + 3y 
,4, The set A is given by A = [0, 1} 

(a) Is A closed under addition? 

(b) Is A closed under multiplication? 

5. (p) Is the set S of all multiples of 6 closed under addition? 
(b) Is set S closed under multiplication? 
*6. Let us define some binary operations other than addition and 
miiltiplication. We shall use the symbol each time. We 

might read o b" as "a operation b". Since we are giving 
the symbol various meanings, we must define its meaning each 
time. For instance, for every a and every b, 

if a o b means 2a + b, then 3 ° 5 = 2(3) + 5; 

if a o b means then 3^5:= ^2^ ' 

if a o b means (a - a)b, then 3 o 5 = (3 - 3)5; 

if a o b means a + then 3 o 5 := 3 + (^)(5); 

if a o b means (a + l)(b + l), then 305= (3 + l)(5 + l). 

For each meaning of a o b stated above, write a numeral for 
each of the following: 

(a) 2 o 6 (c) 6 o 2 

(b) (|) 06 (d) (3 o 2) o 4 

>7. Are such ^binary operations on numbers as those defined in 

Problem 6 commutative? In other words. Is it true that for 
every a and every b, aob=boa? Let us examine some 
cases. For instance, if a o b means 2a + b, we see that 

304= 2(3) + 4 
4 o 3 := 2(4) + 3 
But "2(3) + 4 := 2(4) + 3" is a false sentence. Hence j we 
conclude that the operation here indicated by "o'» is not 
commutative. In each of the following, decide whether or 
not the operation described is commutative: 

a + b 

(a) For every a and every b, a « b = — 2 — 
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(b) For every a and every b, a o b = (a - a)b 

(c) For every a and every b, ao b=a+^ 

(d) For every a and every b, aob=:(a + l)(b + l) 

What do you conclude about whether all binary operations 
are commutative? 

*8. Is the operation "o" associative In each of the above cases? 
For Instance, If, for every a and every b, aob=2a+b, 
Is (4 o 2) o 5 = 4 o (2 o 5) a true sentence? 

(4 o 2) o 5 = 2(2(4) + 2) + 5 
= 2(10) + 5 

while 

4 o (205):= 2(4) + (2(2) + 5) 
= 8 + 9 

Since the sentence 2(10) + 5 = 8 f 9 Is false, we conclude 
that this operation Is not associative. Test the operations 
described in problem 7 (a)-(d) for the associative property. 



3-13. The^ Distributive Property . 

Our work with members In Chapter 2 has shown us a variety of 
versions of the distributive property. Thus 

15(7 + 3) = 15(7) + 15(3) 

and 

(^)12 + (^)12 = (i. + ^)12 

are two true sentences each of which follows one of the patterns 
which we have recognized. We have seen the Importance of this 
property In relating Indicated strnis and Indicated products. We 
may now state the distributive property In the language of algebra: 

For every number a, every niomber b, and every number c, 

a(b + c) = ab + ac. 

Does this statement agree with our verbalization In Chapter 2? 
Since we have stated that "a(b + c)" and "ab + ac" are n\merals 
for the same number, we may equally well write 
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For every number a, every niamber b, and every number c 

ab + ac = a(b + c). 



We may also apply the commutative property of multiplication 
to write: 

For every number a, every number b, and every number c, 

(b + c)a = ba + ca 

&nd: 

For every member a, every number b, and every number c, 

ba + ca =: (b + c)a. 
Which of these patterns does the fii^st of o\ir above examples 
follow? the second? 

Any one of the four sentences above describes the distributive 
property. All forms are useful in the study of algebra. 
Example 1. Write the indicated product, x(y 3) as an indicated 
sum. 

x(y + 3) = xy + x(3) by the distributive 

property 

= xy + 3x 

Example 2. Write 5x + 5y as an indicated product. 

5x + 5y = 5(x + y) by the distributive 

property 

Example 2- Write the open phrase 3a + 5a in simpler form. 

3a + 5a = (3 + 5)a by the distributive 

property 

= 8a 

Example 4. Write the open phrase, 2x + 3y + 4x + 6y in simpler 
form. 

2x + 3y + 4x + 6y - (2x + 4x) + (3y + 6y) 

by the commutative 
and associative pro- 
perties of addition. 

; " = (2 + 4)x + (3 + 6)y . 1 

by the distributive 
property 

= 6x + 9y 



EKLC 



[sec. 3-13] 

76 



68 



Problem Set 3-13a 

1. Write the indicated products as indicated sxims, 

(a) 6(r + s) (d) (7. + x)x 

(b) (b + 3)a (e) 6(8 + 5) 

(c) x(x + z) (f ) (a + b)b 

2. Write the indicated sums as indicated products. 
3x + 3y 
am + an 

X + bx Hint: x = (l)x 

|x + iy " 

2 P 
2a + a. Hint: How is a defined? 

2 

X + xy 

Use the associative, commutative, and distributive properties 
to write the following open phrases in simpler form, if 
possible: 

(a) l4x + 3x 

(b) |x + |x 

(c) |a + 3b + 

(d) . 7x + 13y -f 2x -f 3y 

(e) 4x + 2y -f 2 -f 3x 

(f) 1.3x -f 3,7y + 6,2 -f 7.7X 

(g) 2a + ib -f 5 



(a) 
(b) 
(c) 

(d) 
(e) 
(f) 



The distributive property stated by the sentence 

For every number a, every number b, and every number c, 
- a(b + c) = ab + ac 

concerns the three numbers a, b and c. However, the closure 
property allows us to apply the distributive property in many 
cases where an open phrase apparently contains mpre than three 
numerals. For example, suppose we wish to express the indicated 
product 2r(s + t) as a sum. The open phrase contains the fotir 
nxamerals 2, r, s, and t. The closure property, however, allows 
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us to consider 2r as the name of one number so we can think in 
terms of three numerals^ 2r, s, and t. Thus 

2r(s + t) = (2r)(s + t) 

= (2r)s + (2r)t 

= 2rs + 2rt 

Example 1. Write 3u(v + 3z) as an indicated sum. 

By the closiare property we can regard 3u, v, and 3z each as the 

name of one number. Then by the distributive property 

3u(v + Sz) = (3u)v + (3u)(32) 

= 3uv + 9u2 by the commutative 
and associative 
properties of multi- 
plication 

Example 2. Write the indicated sum, 2rs + 2rt, as an indicated 

product. 
We can do this in three ways: 

(1) 2rs + 2rt = 2(rs) + 2(rt) 

= 2(rs + rt) 

(2) 2rs + 2rt == r(2s) + r(2t) 

= r(2s + 2t) 

(3) 2rs + 2rt = (2r)s + (2r)t 

2r(s + t) 

Although all three ways are correct, the third is us\aally preferred. 
Example 3. Express the indicated product, 3(x + y -i- z), as an 
Indicated sm. 

3(x + y + z) = 3x + 3y + 3z 

Problem Set 3-l3b 

1, Write each of the indicated products as an. indicated sum. 

(a) m(6 + 3p) (d) (2x + xy)x 

(b) 2k(k + l)H (e + f + g)h 

(c) 6(2s + 3r + 7q) (f) 6pq(p + q) 

2. Which of the following open sentences are true for every 
value of every variable. 

(a) 2a(a + b) = 2a^ + ab 

(b) 4xy + y^ = (^x + y)y 
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(c) 3ab + 6bc = 3lD(a 4 2c) 

(d) 2a(b + c) = 2ab + c 

(e) (4x + 3)x = + 3 + X 

(f ) (2y + xy) = (2 + x)y 

3. Write each of the indicated s\ms as an indicated product, 

— - (a) 3uv + 

(b) 7pq + 7qr . 

(c) 3x + 3x^ Hint: think of 3x as (3x)(l) 

(d) 2c + 4cd Hint: 4cd = (2c)(2d) 

(e) 3x + 6x^ 

2 

(f) xz 4 2xz 



Another important application of the distributive property is 
illustrated by the vf ollowing example. y 
Example 1^. V/rite (x + 2) (x + 3) as an indicated sum without 
parentheses. 

If we write the distributive property with the Indicated product 
beneath it, we can see which names we must regard as separate 
names of numbers . 



(xi2)(x -f 3) = (S^)x + {^)3 



= x^ + 2x + 3x + 6 distributive 

property 

= x^ + (2 + 3)x + 6 distributive 

property 

= x^ + 5x + 6 

Could you have vsed a different form of the distributive property 
to begin yj.u? work? 

Example 2. Write (a + b)(c + d) as an indicated Q\m without 
parentheses. Supply the reason for each step, 
(a + b)(c + d) = (a + b)c + (a + b)d 
= ac + be + ad + bd 
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Problem Set S-lSc 
Write the Indicated products as Indicated siims without 
parentheses. 

1. (x + 4)(x + 2) 4. (x + 2)(y + 7) 

2. (x + l)(x + 5) 5. (m + n)(m + n) 
.3- (x + a)(x + 3) 6. (2p + q)(p + 2q) 



3-l4. Summary; Properties of Operations on Numbers of Arithmetic. 

Numbers cpn be added and multiplied. We hpve lepmed that 
numbers and their operations have basic properties which we shall 
list below and always refer to as the properties of numbers , 

1. Closure Property of Addition ; For every nvimber a and every 
number b, a + b Is a nianber. 

2. Closure Property of Multiplication ; For every nimber a and 
every niomber b, ab Is a number. 

3. Commutative Property of Addition ; For every nvimber a and 
every number b, a + b=:b + a. 

4. Commutative Property of Multiplication ; For every number a 
and every niomber b, ab = ba 

5. Associative Property of Addition ; For every number a and 
every niomber b and every number c, (a + b) + c = a+(b + c) 

6. Associative Property of Multiplication ; For every number a 
and every number b and every niomber c, (ab)c = a(bc) 

7. Distributive Property ; For every number a and every number 
b and every number c, a(b + c) = ab + ac 

8. Addition Property of 0; For every number a, 

a + 0 = a 

9. Multiplication Property of 1; For every number a, 

a(l) = a 
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10. Multiplication Property of 0: For every nvimber a, 

a(0) =0 



ERIC 



1. 



2. 



3. 



Problem Set 3-l4 
By putting one of the signs, +, x, In each of the blanks, 
and inserting parentheses to Indicate grouping, find the 
common name for, each number vrtilch can be obtained from 

8_, ^3 2 

As examples, 8 - (3 + 2) i: 3, and (8 + 3) x 2 = 22 

State indicated products as indicated svans, and indicated sums 

as indicated products: 

(h] 



(a) (1 + x)5 

(b) |e + ^ 

(c) 33(95) + 15(11) 



(1 
(J 



3ax + 2ay 
(5 + y)y + 2y 

(2 + a)b + (2 + a)3 

Hint: (2 + a) is a number, 
by closure 

b + 3ab 



2a(a + b + c) 

(u + 2v)(u + v) 

(a + if 
following in simpler form: 
1.6a + .7 + .'^a + .3b 
by + 2by 

9X+3+X+2+ llx 



(d) c + 2c (k 

(e) (|-+ |)y (1 

(f ) x(y +1) ■ (m 

(g) xy + X - (n 
Use the properties to write the 

(a) 17x + X (d] 

(b) 2x + y + 3x + y {e, 

(c) 3(x + 1) + 2x + 7 (f] 
Here you are going to see how to test whether a whole number 
is exactly divisible by 9. Keep a record, as you go, of the 
properties of addition and multiplication which are used. 
Try the following: 

2357 = 2(1000) + 3(100) +5(10) + 7(1) 

= 2(999 + 1) + 3(99 + l) + 5(9 + l) + 7(l) 

= 2(999) + 2(1) + 3(99) + 3(1) + 5(9) + 5(l) + 7(1) 

= (2(999) + 3(99) + 5(9)) (2(1) + 3(1) + 5(1) + 7(1)) 

« (2(111) + 3(11) + 5(1))9 + (2 + 3 + 5 + 7) 

= (222 + 33 + 5)9 + (2 + 3 + 5 + 7) 
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Is 2357 divisible by 9? Try the same procedure with 35874, 
Can you formulate a general rule to tell when a whole number 
is divisible by 9? 

Look for the pattern in the following calculation: 
19 X 13 = 19(10 + 3) 

19(10) + 19(3) (what property?) 

= 19(10) + (10 + 9)3 . 

= 19(10) + (lO(3) 9(3)) (what property?) 

= (l9(10) + 10(3)) + 9(3) (what property?) 

= (19 -f 3)10 + 9(3) (what properties?) 

The final result indicates a method for "multiplying teens" 
(whole numbers from 11 through 19): Add to the first niomber 
the units digit of the second, and multiply by 10; then add 
to this the product of the units digits of the two numbers. 
Use the method to find 15 x l4, 13 x 17, H x 12. 

Review Problems 

(a) Write a description of the set H if 

H = (21, 23, 25, 27, . . ., 49}. 

(b) Consider the set A of all whole numbers greater than 
20. Is H a subset of A? Is A a subset of H? 

(c) Classify sets H and A (finite or infinite). 

Find the coordinate of a point which lies on the number line 

3 5 

between the two points with coordinates 7j- and ^. How many 
points are between these two? 
Consider the set 

T - {0, 3, 6, 9, 12, . . .). 
Is T closed under llhe operation of addition? under the 
operation of '^averaging"? 

Let the domain of the variable t be the set R of all 
numbers between 3 and 5, inclusive. 

(a) Draw the graph of the set R. ' 

(b) Decide whether each of the following numbers is an 
' 3 17 1 11 ,, 

admissible value of t: tt, — ^, 'i-^, -v/"^* 
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5. Is each of the following sentences true? 

(3 + 1)2 = 32 + 2(3)(l) + i2 
(5 + r'r = 5^ + 2(5)(2) + 2^ 

(|+f/'^ (|)%2(|)(|) f (§)" 

Decide what pattern these sentences follow and describe the 
pattern in words. Then formxilate it in the lamguage of 
algebra as an open sentence with two variables. Use the 
properties of the numbers of arithmetic as we have discovered 
them to test whether the resvilting sentence is true for all 
values of the variables, 

6. In which of A, B, C, D, E does the sentence have the same 
truth set as the sentence "x ^ 5"? 

(A) X > 5 or X = 5 

(B) X < 5 and x = 5 

(C) X :^ 5 

(D) X <!: 5 

(E) X 5 

7» Find the truth set for each of the following sentences: 

(a) n - 5 = 7 (d) - 5 = 7 

(b) 2n - 5 = 7 (e) 6n - 5 = 7 

(c) 3n - 5 = 7 (f) 12n - 5 = 7 

8, If m is a number of arithmetic, find the truth set of 

(a) m + m = 2 (c) m ^ 2ni 

(b) m + m = 2m (d) m + 3 < m 

Which of the above sets is a subset of all the otii<^rs? Which 
is a subset of none other than itself? If the domain of m 
is the set of counting niunbers, answer questions (a) through 

(d) above, 

9, Let T be the truth set of 

x+3=5 or x+l=4» 

(a) Is 3 an element of T? 

(b) Is 2 an element of T? 

(c) Is ^ a subset of T? 
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10. If S is the truth set of 

X + 1 < 5 and x - 1 2 2, 
draw the -grapii of S. 

11. Consider the open sentence 

2x ^ 1. 

. „ What is its truth set if the domain of x is the set of 

(a) all counting numbers? 

(b) all whole numbers? 

(c) all numbers of arithmetic? 

12. (a) Is the following sentence true? 

ij(8 + 1) + 5) 

(b) Do you have to perform any multiplication to answer 
part (a)? Explain. 

13. Which of the following sentences are true? 
(a) + 2) = (i^ + 2)5 

(c) 10(| + |) - 5 + i§ 

(d) 4 + 7 -f- 1.817 = 5 + 1.817 + 6 

(e) 12 X 8 + 12 X 92 = 1200 

(f ) (5 X ^)16 = 500 

14. Explain how the property of 1 is used in performing the 
calculation 

3 2 

15. Explain why 

3x + y + 2x + 3y = 5x + V 
is true for all values of x and y. 

16. (a) Write the indicated products 

(x + l)(x + 1) 
(x + 2)(x +2) 
as indicated siams without parentheses. 
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(b) Use the pattern of the results of part (a) to write 
the Indicated stum 

+ 6x + 9 
as an Indicated product. 
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Chapter k 

OPEN SENTENCES AND ENGLISH SENTENCES 

^-1. Open Phrases and English Phrases 

Every day we are building up a new language of symbols which 
is becoming more and more a complete language. We have used 
mathematical phrases, such as "8 + 3y" ; mathematical verb forms, 
including and ">"; and mathematical sentences, such as 
"7n + 3n = 50" 

V/e recall that a variable, such as "n", is the name of a 
definite but unspecified number. The translation of "n'' into 
English will then mean rrlating an unspecified number to some- 
thing of interest to us. Thus, the numeral "n" might represent 
"the number of problems that I worked", '"the number of students 
at the rally", "the number of dimes in Sam's pocket", or "the 
number of feet in the height or the school flagpole" . What are- 
some other possible translations? 

Consider the phrase "5 + n" Can we invent an English phrase 
for this? Suppose we use the"* translations suggested above. If 
"n" is the number of problems I shall be working today, then the 
phrase "5 + n" represents "the total number of problems including 
the five worked last night"; or, if I have 5 dimes and "n" repre- 
sents the number of dimes in Sam«s pocket, then "5 ^ n" represents 
"the total number of dimes, including my five and those in Sam's 
pocket." Notice that the translation of "5 + n" depends on what 
translation we make of ^^n". 

Which of the apparently limitless number of translations do 
we pick? We are reminded that the variable appearing in the open 
phrase, whether "n" or "x", or "w", or "b", is the name of a 
number. Whether this is the number of dimes, the number of 
students, the number of inches, etc.^ depends upon the use we plan 
to make of the translation* The context itself will frequently 
suggest or limit translations. Thus it would not make sense 
to translate a phrase such as "2,500,000 + y" in terms of 
the number of dimes in Sam's pocket, but it would make sense to 
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think of "y'* as representing the number giving the population in- 
crease in a state which had 2,500^000 persons at the time of the 
preceding census, or as the number of additional miles traveled 
by a satellite which had gone 2,500^000 miles at the time of the 
last report. Similarly, the variable in the phrase ",05 + k^' 
would hardly be translated as the number of cows or students, but 
possibly as the number giving ^the increase in the rate of interest 
which had previously been 5 per cent. 

How can we translate the phrase "3x + 25"? In the absence 
of any special reasons for picking a particular translation, we 
might let x be the number of cents Tom earns in one hour, mowing 
the lawn. Then 3x is the number of cents earned in 3 hours. If 
Tom finished the Job in three hours and was paid a bonus of 
25 cents, then the phrase '^3x + 25" represents the total number 
of cents in Tom's possession after working three hours. How can 
this phrase be translated if we let x be the number of students 
in each algebra class, if algebra classes are of the same r>lze? 
Or, if X is the number of miles traveled by a car in one hour at 
a constant speed? 

There are many English translations of the symbol in- 
dicating the operation of addition of two numbers. A few of 
them are: "the sum of", "more than", "increased by", "older 
than", and others. There are also many English translations of 
the symbols indicating the operation of multiplication of two 
numbers, including: "times", "product of", and others, l^at 
are English translations of the symbol "-" ? 

Problem Set 4-1 

In Problems 1-6, write English phrases which correspond to the 
given open phrases. Try to vary the English phrases as much as 
possible. Tell in each case what ohe variable represents. 
1^ Y'w (If one bushel of wheat costs v) dollars, the 

rase is: "the numl--;/, of dollars in the cost 
of 7 bushels of wheat. 
2. n + 7 . 

[sec. 4-1] 
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3. 7 5- 2r + 5 

4. 6. a + b 

In each of Problems 7-17, find an open phrase which is a trans 
lation of the given English phrase. In each problem^ tell ex- 
plicitly what the variable represents. 

7. The number of feet in y yards. 

(If y is the number of yards, then 3y is the number of feet.) 

8. The number of inches in f feet. 

9. The irmmber of pints in k quarts. 

10. The number of miles iri k feet. 

11. The successor of a whole number. 

12. The reciprocal of a number. (TWo numbers ^ re reciprocals of 
each other if their product ia 1.) 

13. The number of ounces in k pounds and t ounces. 

14. The number of cents in d dollars and k quarters. 

15* The number of cents in m dollars, k quarters, m dimes and 
n nickels. 

16. The number of inches in the length of a rectangle which is 
twice as long as it is wide. (Suggestion: Draw a figure 
to help visualize the situation.) 

17. The number of feet in the height of a triangle if its height 
iz; G feet greater than its base. 

In Problems 18-25, write English phrases which are transla- 
tions oi* the given open phrases. In each problem identify the 
variable explicitly. 

18. n + 7n 

19. (2r - 5) + 7 

20. 3x + (2x + 1) + X 

21. 5000 + 4y 

22. y + .04y 

23. x(x + 3) (Hint: This phrase might be interpreted as the 

expression for the number of square units in 
an area. ) 

24. •iy(y + 5) 
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♦25. w(w +3) (2w + 5) (Hint: This phrasis might be interpreted 



26. Choose a variable for the number of feet in the length of one 
side of a square. Write an open phrase for the nvimber of 
feet in the perimeter of the square. 

27. Choose a variable for the number of inches in the height of 
a man^s head. Then write an open phrase for the number of 
inches in the man's height if it is known that his height is 
7 times the height of his head. 

28. Write an open phrase for the niimber of inches in the length 
of a second side of a triangle, if it is three inches longer 
than the first side. 

29. One side of a triangle is x inches long and a second is 

y inches long. The length of the third aide is one-half the 
sum of the lengths of the first two sides. 



(a) Write an open phrase for the number of inches in the 
perimeter of the triangle. 

(b) Write an open phrase for the number of inches in the 
length of the third side. 

30. In a certain community there are six-fifths as many girls aa 
boys. Write an open phrase for the number of girls in terms 
of the number of boys. 

31. The admission price to a performance of "The Mikado" is 
$2.00 per person. Write an open phrase for the total number 
of dollars received in terms of the number of people who 
bought tickets. 

32. If a man can paint a house in d days, write an open phrase 
for the part of the house he can paint in one day. 

33. If a pipe fills -i of a swimming pool in one hour, write an 
open phrase for how much of the pool is filled by that pipe 
in X hours . Q O 



as the expression for the number of 
cubic units in a volume. ) 
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3^. When a tree grows it increases its radius each year by adding 
a ring of new wood. If a tree has r rings now, write an open 
phrase for the number of growth rings in the tree twelve years 
from now. 

♦35- A plant grows a certain number . of inches per week. It is now 
20 inches tall. Write an open phrase giving the number of 
inches in its height five weeks from now. 

♦36. Suppose that when a man immerses his arms in hot water, the 
temperature of his feet will rise one degree per minute, 
beginning at 10 minutes after his arms are put in the water. 
Write an open phrase for the rise in temperature of the man's 
feet at any time (more than ten minutes) after his arms are 
immersed. 

37. Three sons share In an inheritance. 

(a) Write an open phrase for the number of dollars of one 
son's share which is one-half of the inheritance. 

(b) Write an open phrase for the number of dollars of the 
second son's share, wjiich is fifty dollars more than 
one-tenth of the inheritance. 

(c) Write an open phrase for the third son's share. 

(d) Write an open phrase for the sum of the three sons' 
shares . 

38. Choose a variable for the number of feet in the width of a 
rectangle. 

(a) Write an open phrase for the length of the rectangle If 
the length is five feet less than twice the width. 
Draw and label a figure. 

(b) Write an open phrase for the perimeter of the rectangle 
described in part (a). 

(c) Write an open phrase for the area of the rectangle 
described in part (a). 
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4-2. Op en Sentenceg And English Sentences 

It is a natural step from translation of phrases to transla- 
tion of sentences. 
Example: 45 -f ; ^ 108 

How shall we write an English sentence for this open sentence? 
We might say, "A book salesman is paid $ 45 a week plus $3 for 
each set of books he sells. In one week he was paid $108." 
Another translation of this open sentence could be, "A freight 
shipment consisted of a box weighing 45 pounds and a niomber of 
small cartons each weighing 3 pounds. The whole shipment weighed 
lOB pounds." 

What English sentences could you write for this same open 
sentence? 



V/rite your own English 

1. n + 7 - 82 

2. 2n « 500 

3. I = 17 

4. w(w f 4) - 480 

5. a + (2a + 3a) ^ (a 



More often we want to translate English sentences into ooen 
.sentences. V/e find such open sentences particularly helpful in 
word problems when the English sentence Is about a quantity which 
we are Interested in finding. 

Example 1. "Carl has a board 44 inches long. He wishes to cut 
it into two pieces so that one piece will be three inches longer 
than^the other. How long should the shorter piece be?" 

V/e may sometimes see more easily what our open sentence 
should be if we guess a number for the quantity asked for in 
the problem. 
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sentences for the following open sentehces, 

6. 4n + 7n » 44 ' " ■ 

7. 4k + 7k « 47 

8. x+x+x+X" 100 

9. y+S-S+y 
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If the shorter piece is l8 inches long, then the longer piece 
is (18 + 3) inches long. Since the whole board is 44 inches long, 
we then have the sentence 

18 + (18 + 3) « 

Although this sentence is not true, it suggests the pattern which 
we need for an open sentence. Notice that the question in the 
problem has pointed out our variable. We can now say: 
If the shorter piece is K inches long, 
then the longer piece is (K + 3) inches 
long, and the sentence is 

K + (K + 3) » W. 

We say that this sentence is false when K is 18. There 
probably is some value of K for which the open sentence is true. 
If we wanted to find the length of the shorter piece, this could 
be done by finding the truth set of the above open sentence. 
Perhaps you feel an urge to find a number which does make the 
above sentence true. If so, go ahead and try. For the present, 
however, our objective is practice in writing the open sentences. 
Later we shall be concerned with finding the truth sets of such 
sentences and thus answering the questions in the problems. 

In this example we tried some particular nximbers for the 
quantities involved to help see a pattern for the open sentence. 
You may sometimes see the open sentence immediately without having 
to try particular numbers. 

Notice that the English sentences are often about inches or 
pounds or years or dollars, but the open sentences are always 
about numbers only. 

Notice also that we are very careful in describing our 
variable to show what it measures, whether it is the number of 
Inches, the number of donkeys, or the number of tons. 
Example 2. "Two cars start from the same point at the same time 
and travel in the same direction at constant speeds of 34 and 45 
miles per hour, respectively. In how many hours will they be 
35 miles apart?" 

If they travel 4 hours, the faster car goes 45(4) miles and 
the slov, ^ car goes 34(4) miles. Since the faster car should 
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then be 35 miles farther from the starting point than the slower 
car^ we have the sentence 

45(4) - 34(4) = 35. 
which is false. It suggests, however, the following: 
If they travel h hours, then the faster 
car goes 45h miles and the slower car 
goes 34h miles, and 

45h - 34h = 35. 

Example 3. "A man left $10,500 for his widow, a son and a daughte] 
The widow received $5,000 and the daughter received twice as much 
as the son. How much did the son receive?" 

If the son received n dollars, 

then the daughter received|^2n 

dollars, and 

n + 2n + 5000 10,500. 

Problem Set 4-2b 
V/rite open sentences that would help you solve problems 1-13, 
being careful to give the meaning of the variable for each. Your 
work may be shown in the form indicated in Example 3 above. It 
is not necessary to find the truth sets of the open sentences. 

1. Heni^y and Charles were opposing candidates in a class election 
Henry received 30 votes more than Charles, and 5l6 members of 
the class voted. How many votes, did Charles receive? 

(Hint: If Charles received c votes, write an open phrast 
the number of votes Henry received. Then write your open 
sentence. ) 

2. A rectangle is 6 times as long as it is wide.^ Its perimeter 
is 144 inches. How wide is the rectangle? 

(Remember to draw a figure.) 

3. The largest angle of a triangle is 20^ more than twice the 
smallest, and the third angle is 70°. The sum of the angles 
of a triangle is l80^. How large is the smallest angle? 
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4. A bridge has three spans, one of which is 100 feet longer than 
each of the other two. If the bridge is 2500 ft. long, how 
long is each of the shorter spans? 

5. A class of 43 students was separated into two classes. If 
there were 5 more students in Mr. Smith's class than in Miss 
Jones's class, how many students were in each class? (Can 
you do this one in two ways? If there were y students in 
Miss Jones's class, find two ways to say how many were in 
Mr. Smith's class.) 

6. The lexigth of a rectangle is 5 inches more than its width. 
What is the length of the rectangle if its area is 59^ square 
inches? 

7. John is three times as old as Dick, Three years ago the sum 
of their ages was 22 years. How old is each now? (Hint^ 
Find a phrase for the age of each three years ago in terms 
of Dick's age now.) 

8. John has I.65 in his pocket, all in nickels, dimes, and 
quarters. He has one more quarter than he has dimes, and 
the number of nickels he has is one more than twice the 
number of dimes. How many dimes has he? (Hint: If he has 
d dimes, write a phrase for the value of all his dimes, a 
phrase for the value of all his quarters, and a phrase for 
the value of all his nickels; then write your open sentence.) 

9. I bought 23 postage stamps, some of them 4-cent stamps and 
some 7-cent stamps. If the total cost was 1.19, l^ow many 
of each kind did Z buy? 

!0. A passenger train travels 20 miles per hour faster than a 

freight train. At the end of 5 hours the passenger train has 
traveled 100 miles farther than the freight tjrtLin. How fast 
does the freight train travel? (Hint: For each train find 
a phrase for the number of miles it has traveled.) 

LI. A store has 39 quarts of milk, some in pint cartons and some 
in haif-pint cartons. There are 6 times as many pint cartons 
as half pint cartons. How many half-pint cartons are there? 
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12. Mr. Brown is employed at an initial salary of $3600, with 
an annual increase of $300, while Mr. White starts at the 
same time at an Initial salary of $4500, with an annual 
increase of $200. After how many years will the two men be 
earning the same salary? 

13. A table is three times as long as it is wide. If it were 

3- feet shorter and 3 feet wider, it would be a square. How 
long and how wide is it? (Draw two pictures of the table top.) 
Ik. Write your own problem f'or each of the following open 
sentences. 

(a) 5n + 10(n + 2) + 50(2n) = 1^80 

(b) a(3a) = 300 

(c) .60x + 1.10(85 - x) = 78.50 

(d) a ^ (a + 3) + (a + 6) = 69 

(e) b 2(18 - b) 

(f) 30h + i|(5— 1^) = 59 

(g) t + -3 ^ ^ ^ 

15. Translate the following into an open sentence. Then trans- 
■ late back from the -open sentence to a different problem in 
English. 

"Three hundred sight-seers went on a trip around the 
bay in two boats. The capacity 01' one boat was 80 more 
pa.;;.3^:igers than that of the other and both boats were full. 
Hr .v nany passengers were in each boat? 



^-3. Open Sentences Involving Inequalit ies 

Our sentences need not all be equalities. Problems concern- 
ing "greater than" or "less than" have real meaning. 

Suppose we say, "Make a problem for the sentence d + 2 > 5." 
The word problem could be, "If I added two dollars to what I now 
have, I would ha.-e more than five dollars. How much do I have 
now?" 
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Problem Set 4- 3a 
Vfrite problems for the following open sentences. 



1. 


a > 3 


6. 


a + 2a + 3a 2 ^8 


2. 


n + 1 < 17 


7. 


a + 2a + 3a = 50 


o • 


25q ^175 


*8. 


y + 3 < 10 and y + 3 > 5 


4. 


5(n + 3) < 100 


9. 


< 9 


5. 


p + 10,000 > 160,000 


*10. 


s > 3(12 - s) 



As with equations, it will sometimes help to find an open 
sentence In problems about inequalities if we try a particular 
number first. 

Example 1 > "In six months Mr. Adaraa earned more than $7000. 
How much did he earn per month?" 

If he earned $1100 per month, in 6 months he would earn 
6 X 1100 dollars. The sentence would then be 

6 X LlOO > 7000. 

This, of course, is not true, but It suggests what we should do. 

If Mr. Adams earned a dolJars per month, in 6 months he 
would earn 6a dollars. Then 

6a > 7000. 

Example 2. "The distance an object falls during the first second 
is 32 feet less than the distance it falls during the second 
second. During the two seconds it falls 48 feet or less,' depending 
on the air resistance. How far does it fall during the second 
second? 

If the object falls 42 feet during the second second, then 
It falls (42 - 32) feet during the first second. Since the total 
distance fallen is lers than or equal to 48 feet, our sentence is 

(42 - 32) + 42 _^ 48. 
This suggests how to write the open sentence. If the object 
falls d feet during the second second, then it fallfs (d - 32) 
feet during the first second, and 

(d - 32) + d ^ 48. 
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Example 3> "Two sides of a triangle have lengths of 5 inches and 
6 inches. What is the length of the third side?" 

You may have drawn many 
triangles in the past and have be- 
come aware of the fact that the 
length of any side of a triangle must 
be lesn than the sum of the lengths 
of the other two sides. Thus if the 
third side of this triangle is n 
inches long, 

n < 5 + 6. 

At the same time the six inch side must be less in length than 
the sum of the lengths of the other two; thus 

6 < n + 5. 

Since both of tnese conditions must hold, the open sentence for 
our problem is 

n < 5 + 6 and 6 < n + 5. 




Problem Set 4-3b 
Write open sentences for problems 1-10, being careful to give 
the meaning of the variable for each, 

1. One third of a number added to three-fourths of the same num- 
ber is equal to or greater than 26. What is the number? 

2. Bill is 5 years older than Norman, and the sum of their ages 
is less than 23. How old is Norman? 

3. A square and an equilateral triangle have equal perimeters* 
A side of the triangle is five inches longer than a side of 
the square. What Is the length of the side of the square? 
Draw a figui^e. 

k. A boat, traveling downstream, goes 12 miles per hour faster 
than the rate of the current. Its velocity downstream is 
less than 30 miles per hour* What is the rate of the current? 

5. John said, "It will take me more than 2 hours to mow the lawn 
and I must not spend more than 4 hours on the Job or I won't 
be able to go swimming," How much time can he expect to 
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spend on the Job? 

6. On a half-hour TV show the advertiser insists there must be 
at least three minutes for coinmercials and the network in- 
sists there must be less than 12 minutes for commercials. 
Express this in a mathematical sentence. How much time 
must the program director provide for material other than 
advertising? 

7. A teacher says, "If I had 3 times as many students in my 
class as I do have, I would have at least 26 more than I 
now have." How many students does he have in his class? 

8. The amount of $205 is to be divided among Tom, Dick and 
HariTy. Dick is to have $15 more than Harry and Tom is to 
have twice as much as Dick. How must the money be divided? 

9. An amovint between $205 and $225, inclusive, is to be divided 
among three brothers, Tom, Dick and Harry. Dick is to have 
$15 more than Harry, and Tom is to have twice as much as 
Dick* How much money can Harry expect? 

♦10. A student has test grades of 75 and 82. What must he score 
on a third test to have .an average of 88 or higher? If 
100 is the highest score possible on the third test, how 
high an average can he achieve? What is the lowest average 
he can achieve? 

11. Using two variables, write an open sentence for each of the 
following English sentences. 

(a) The enrollment in Scott School is greater than the 
enrollment in Morris School. 

(b) The enrollment in Scott School is 500 greater than the 
enrollment in Morris School. 
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Review jP roblems 

1. Write English phrases which are realistic translations of 
the following open phrases. In each problem be careful to 
identify the variable explicitly. 

(a) X -f 15 

(b) 3p + 2(p - 1) 

(c) 60 - lot 

(d) 9(l5r + 25) 

(e) lb(3b ~ k) 

In problems 2, 3, 5, write open phrases which are translations 
of the word phrases. In each problem be careful to indicate 
what the variable represents, if it is not already given. In 
certain problems you may use more than one variable. 

2. (a) A number diminished by 3. 

(b) Sam's age seven years from now. 

(c) Mary's age ten years ago. , 

(d) Temperature 20 degrees higher than the present 
temperature. 

(e) Cost of n pencils at 5 cents each 

3. (a) The amount of money In my pocket: x dimes, y nickels, 

and 6 peruiies. 

(b) A number increased by twice the number. 

(c) A number increased by twice another number. 

(d) The number of days in w weeks. 

(e) One million more than twice the population of a city 
in Kansas. 

("f ) Annual salary equivalent to x dollars per month, 
k. (a) One dollar more than twice Betty's allowance. 

(b) The distance traveled in h hours at a constant speed 
of 40 m.p.h. 

(c) The real estate tax on property having a valuation of 
y dollars, the tax rate being $25.00 per $1000 
valuation. 

(d) Forty pounds more than Earl's weight. 
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(e) Area of a rectangle having one side 3 Inches longer 
than another. 

5. (a) Cost of X pounds of steak at ^1.59 per pound. 

(b) Catherine's earnings for z hours at 75 cents an hour, 

(c) Cost of g gallons of gasoline at 33.2 cents a gallon. 

(d) Cost of purchases: x melons at 29 cents each and y 
pounds of hamburger at 59 cents a pound. 

(e) A two-digit number whose tens* digit is t and whose 
units* digit is u. 

6. Write English sentences which are translations of the open 
sentences. 

(a) X < 80 

(b) y » 3600 

(c) ^ z > 100,000,000 

(d) U + V + W a 180 

(e) z(z + 18) « 360 

In problems J, 8, 9, write open sentences corresponding to the 
word sentences, using one variable in each. In each problem 
be careful to, state what the variable represents. If this is 
not already indicated. 

7. (a) Mary, who is 16 and has two brothers. Is 4 years older 

than her sister, 

(b) Bill bought b bananas at 9 cents each and paid 54 cents, 

(c) If a number is added to twice the number, the sum is 
less than 39. 

(d) Arthur's allowance is one dollar more than twice 
Betty's, but is two dollars less than 3 times Betty's. 

(e) The distance from Dodge City to Oklahoma City, 260 
miles, was traveled in t hours at an average speed of 
kO miles an hour. 

(f) The auto trip from St. Louis to Memphis, 300 miles, 
was made in, U hours at a maximum speed 7f 50 miles 
an hour. 

8. (a) Pike's Peak is more than 14,000 feet above sea level, 
(b) A book, 1.4 inches thick, has n sheets; each sheet is 
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0.003 Inches thick, and each cover is -j^ Inches thick 
and is blue* ■ 
*(c) Two million ia more than twice the population of any 
city in Colorado. 

(d) A square of side x has a larger area than hao a 
rectangle of sides (x - l) and (x + l). 

(e) The tax on real estate is calculated at $24.00 per 
$1000 valuation. The tax assessment on .property valued 
at y dollars is $3^+8.00. 

(f) If Earl added kO pounds to his weight, he would still 
not weigh more than 152 pounds. 

9. (a) The sum of a whole number and its successor is 575* 

(b) The sum of a whole number and its successor is 576l 

(c) The sum of ^ two numbers, the second greater than the 
first by 1, is 576. 

(d) A board l6 feet long is cut in two pieces such that 
one piece is one foot longer than twice the other. 

(e) Catherine earns $2.25 baby-sitting for 3 hours at 
X cents an hour. 

10. A two-digit number is 7 more than 3 times the sum of the 
digits. Restate this by an open sentence. (Hint: Express 
the number by means of two variables, as in Problem 5,(e)*) 

11. The sum of two numbers is 42* If the first number is' 
represented by n, write an expression for the second number 
using the variable n. 

12. (a) A number is increased by 17 and the sum Is multiplied 

by 3. Write an open sentence stating that the resulting 
product equals 192. 
(b) If 17 is added to a ntimber and the sum is multiplied 

by 3, the resulting product is less than 192. Restate 
this as an open sentence. 

13. One number is 5 timeQ another. The sum of the two numbers 
is 15 more than 4 times the smaller. Express this by an 
open sentence. ! 
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14. Sue has l6 more books than Sally. Write an open sentence 
showing that together they have more than 28 books. 

15. (a) A farmer can plow a%field in 7 hours with one of hie 

tractors. How much of the field can he plow in one 
hour with that tractor? 

(b) With hlB other tractor he can plow the field in 5 
hours. If he Md both tractors going for 2 hours, 
how much of the field would be plowed? 

(c) How much of the field would then be left unplowed? 

(d) Write an open sentence which indicates that, if both 
tractors are used for x hours, the field will be 
completely plowed. 

♦16. If you fly from New York to Los Angeles, you gain three 
hours. If the flying time is h hours, when do you have 
to leave New York in order to arrive In Los Angeles before 
noon? Write an open sentence for this problem. 

17. Mr. Brown is reducing. During each month for the past 8 
months he has lost 5 pounds. His weight is now 175 pounds, 
Wliat was his weight m months ago if m < 8? Write an open 
sentence stating that m months ago his weight was 200 
poxinds. 

Write open sentences for problems 18 to 23. Tell clearly what 
the variable represents, but do not find the truth set of the 
open sentence. 

18. (a) The siam of a whole number and its successor is 45. 

What are the numbers? ' 
(b) The sum of two consecutive odd ntimbers is 76. What 
are the nmbers? 

19. Mr. Barton paid $176 for a freezer which was sold at a 
discount of 12% of the marked price. What was the 
marked price? 

20. A man's pay check for a week of 48 hours was $l66.40. He 
is paid at the rate of 1^ times his normal rate for all 
hours worked in excess of 40 hours. What is his hourly 
pay rate? 102 
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*21. A man fires a rifle at a target. Two seconds after he fires 
it he hears the sound of the bullet striking the target. If 
the speed of sound is 1100 feet per second and the speed of 
the bullet is 17OO feet per second, how far away is the 
target? 

22. The students attending Lincoln High School have a habit of 
cutting across a vacant lot near the school instead of 
following the side-walk around the corner. The lot is a 
rectangular lot 200 feet by 300 feet, and the short-cut 
follows a straight line from one corner of the lot to the 
opposite corner. How long is the short-cut? (Hint: Use 
the Pythagorean Theorem, ) 
23 • One end of a 50-foot wire is attached to the top of a 

vertical telephone pole. The wire is pulled taut and the 
lower end is attached to a concrete block on the ground. 
This block is 30 feet from the base of the telephone pole, 
on level ground. What is the height of the pole? 
24. (a) At an auto parking lot, the charge is 35 cents for the 
first hour, or fratction of an hour, and 20 cents for 
each succeeding (whole or partial) one-hour period. 
If t is the number of one-hour periods parked after the 
initial hour, write an open phrase for the parking fee. 
(b) With the same charge for parking as in the preceding 
problem, if h is the total number of one-hour periods 
parked, write an open phrase for the parking fee. 
*25. Two quarts of alcohol are added to the water in the 

radiator, and the mixture then contains 20 per cent alcohol; 
that is, 20 per cent of the mixture . is pure alcohol. Write 
an open sentence for this English sentence. (Hint: Write 
an open phrase for the number of quarts of alcohol in terms 
of the number of quarts of water originally in the radiator.) 
*26. (a) Two water-pipes are bringing water into a reservoir. 

One pipe has a capacity of 100 gallons per minute, and 
the second 40 gallons per minute. If water flows from 
the first pipe for x minutes and from the second for 
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y minutes, write an open phrase for the tctal flow In 
gallons, 

(b) In the preceding problem, if the flow from the first 
pipe is stopped at the end of two hours, write the 
expression for the total flow in gallons in y minutes, 
where y is greater than 120, 

(c) With the data in part (a), write an open sentence 
stating that the total flow is 20,000 gallons. 

27. (a) Plant A grows two inches each week, and it is now 20 
inches tall. Write an open phrase for tne number of 
inches in its height w weeks from now. 

(b) Plant B grows three inches each week, and it is now 

12 inches tall. Write an open phrase for the number of 
inches in its height w weeks from now. 

(c) In the course of some weeks, the plants will be eqxially 
tall. Express this by means of an open sentence. 

*28. A man breathes 20 times per minute at sea level and takes 
one extra breath per minute for each I500 feet of ascent. 

(a) Write an open phrase for the number of breaths he takes 
each minute h feet above sea level. 

(b) At y feet above sea level a man breathes 24 times per 
minute. With the information obtained in (a), write 
an open sentence stating this fact. 

29. Uae each of the verb symbols =», /, <y >, J^, ^, in 

X and graph each of the open sentences which you get. 

30. Find open sentences whose graphs are the following: 
(a) « ^ 1 1 i 1 ^ 




31. Graph the following open sentences: 

(a) X « 2 or x > 5 

(b) X « 2 and x > 5 
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(c) X > 2 or X < 5 

(d) X < 2 and x < 5 , 

*32. Find an open sentence whose graph will be: 

-i \ i f-^—i — " 

2 

You will probably ne^^i to make a compound sentence using 

"and" and "or", as well as Inequalities. 

33, A man, with five dollars in his pocket, stops at a candy 

store on his way home with the Intention of taking his wife 
two pounds of candy. He finds candy by the pound box selling 
for $1.69, $1.95, $2.65, and $3,15. If he leaves the store 
with two one-pound boxes of candy^ 

(a) What Is the smallest amount of change he could have? 

(b) What Is the greatest amount of change he could have? 

(c) What sets of two boxes can he not afford? 

*34. At the end of Chapter 3 (Exercises 3-1^, Problem 5) you 

discovered a "rule for multiplying teens" • Using a and b, 
respectively, to stand for the units digits of the two 
niombers, you should now be able bo write an open sentence 
which expresses the product p in terms of a and b. When you 
have written your sentence, use the distributive property to 
verify the correctness of your choice. 
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Chapter 5 
THE REAL NUMBERS 



5-1 • The Real Number Line 

As you worked with the number line, you may have been 
curious about several things • Pox^ one thing, a line extends 
without end to the left as well as to the right. We have, how- 

. '. I I \ Jr i 

0 ] 2 3 , 4 

ever, 'labeled only those points on the right of 0. This raises 
a question which we shall answer in this section: How shall we 
label the points- on the left? 

In Chapter 1 you were told that there are rational numbers 
to be associated with points pn the left half of the number line, 
but meanwhile you have dealt only with rational ni^bers on the 
right half. For another thing, you were told that some points 
on the number line do not correspond to rational numbers. This 
raises a second question: IVhere are some of these points on the 
number*' line which do not correspond to rational irombers, and 
what new numbers are associated with them? 

Let us return to the first of these questions: How shall 
we label the points on the left of 0? There is no doubt that 
the line contains infinitely many points to the left of 0. It 
is an easy matter to label such points if we follow the pattern 
we used to the right of 0. As before, we use the interval 
from 0 to 1 as the unit of measure, and locate points equally 
spaced along the line to the left . The first of these we label 

1 =3 ^2 1"" 6 i 2 3- 4 
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"l, the second ""2, etc., where the symbol ""l" is read " negative 
1", "2 Is read "negative 2", etc. What Is the coordinate of the 
point which Is 7 units to the left of 0? 

Proceeding as before, we can find additional points to the 
left of 0 and label them with symbols similar to those used 
for numbers to the right, with an upper dash to indicate that the 
number Is to the left of 0. Thus, for example, ^ Is the same 
distance from 0 on the left as 5 is on the right, etc. 




The set of all numbers associated with points on the number 
line Is called the set of real numbers . The numbers to the left 
of zero are called the negative real numbers and those to the 
right are called the positive real numbers , In this language, 
the numbers of arithmetic are the non - negative real numbers . 

The set of all whole numbers {O, 1, 2, 5, ...} combined with 
the set {"1, "2, "5, ...) is called the set of Integers 
{ "5, "2, "1, 0, 1, 2, 3, ... ). The set of all rational 

numbers of arithmetic combined with the negative I'ational 
numbers is called the set of rational numbers . (Certainly, all 
rational numbers are real numbers . ) 

Remember that each rational number is now assigned to a 
point of the number line, but there remain many points to which 
rational numbers cannot be assigned. The numbers associated 
with these points are called the irrational numbers . (Thus, all 
irrational numbers are also real numbers.) Hence, we can regard 
the set of real numbers as the combined set of rational and 
Irrational numbers. 
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For example, all integers, such as "4, 0, 2, are rational 
numbers; find examples of rational number s _-w'- 1. h are not integers. 
Furthermore, all rational numbers such as ^, 0, 6, are real 
. numbers . 

The second question remains: Where are some of the points 
on the number line which do not correspond to rational numbers? 
It will be proved in a later chapter that, for example, the 
real number -/I is an irrational number. Let us locate the 
points with, coordinates -^2. and respectively. 

First of all, we recall that is a number whose square 

is 2. You may have learned that the length of a diagonal of a 
square, whose sides have length 1, is a number whose square is 
2. (Do you know any facts about right triangles which will 
help you verify this?) In order to locate a point- on the number 
line for -J?., all we have to do is construct a square with side 
of length 1 and transfer the length of one of its diagonals to 
our number line. This we can do, as in the figure, by drawing 



/ 1 






-3 2"^ 1 0 


TV? 2 3 4 



a circle whose center is at the point 0 on the number line and 
whose radius is the same length as the diagonal of the square. 
This circle cuts the number line in two points, whose coordinates 
are the real numbers and respectively. 

Later you will prove that the number ^2 is not a rational 
number. Maybe you believe that Vi" is 1.4. Test for yourself 
whether this is true by squaring 1.4. Is (1.4) the same 
number as 2? In the same way. test whether J2. is 1.41; 1.414. 
The square of each of these decimals is closer to 2 than the pre- 
ceding, but there seems to be no rational number whose square is... 
2. 

[sec. 5-l3 



108 



100 



There are many more points on the real number line which 
have coordinates which are not rational numbers. Do you think 

iya is such a point? 5 + ^1 Why? 



Problem Set 

Draw the graphs of the followl 

(a) (0, 5, '5, |] 

(b) ("i, |, |, '§) 

(c) {\, 5, "7, 

(d) ( ^, ^, 

(e) (72, V2, 5, '5) 

(f) ("1, -(1 + |), (1 + •!)) 

(g) ("I, (|)^ ""I, (5 - 3)) 

Of the two points whose coordinates are given, which is to the 
right of the other? 

(a) 3, (e) |, 0 (h) "l^, V2 

M 5, -* (f) -5 -J^ (1) > 



"IT 

"4 /.X "1 1 

(g) 0, 5 ? 

(d) 1 



3* The number tt is the ratio of the circumference of a circle to 
its diameter • Thus, a circle whose diameter is of length 1 
has a circumference of length tt . Imagine such a circle 
resting on the number line at the point 0, If the circle 18 
rolled on the line, without slipping, one complete revolution 
to the right, it will stop on a point. What is the coordinate 
of this point? If roiled to the left one revolution It will 
stop on v;hat point? Con you locate these points approximately 

109 

[sec. 5-1] 



on the real number line? (The real number tt , like a/2, is 
not a rational number.) 
k. (a) Is "2 a whole number? An Integer.? A rational number? 
A reauL number? 

(b) Is ^ a whole number? An Integer? A rational number? 
A real number? 

(c) Is VS* a whole nxomber? An Integer? A number? 
A real number? 

5. Which of the following sets are the same? 

A is the set of whole numbers, B is the set of positive 
integers, C is the set of non-negative integers, I is the 
set of integers, N is the set of cotmting numbers. 



5-2 . Order on the Real Number Line 

How did we describe order for the positive real numbers? 
Since, for example, "5 is to the left of 6" on the number line, 
and since "5 is less than 6", we agreed that these two sentences 
say the same thing about 5 and 6. We wrote this as the true 
sentemie 

5 < 6- 

Thus, for a pair of positive real ntimbers, "is to the. left of" 
on the number line and "is less than" describe the same order. 

What shall we mean by "is less than" for any two real 
numbers, whether they are positive, negative, or 0? Our answer 
Is simply: "is to the left of" on the real number line. 

Let us look for a Justification in common experience. All 
of us are familiar with thermometers and are aware that scales on 
thermometers use numbers above 0 and numbers below 0, as well 
as 0 itself. We know that the cooler the weather, the lower 
on the scale we read the tempex^ature . If we place a thermometer 
In a horizontal position, we see that it resembles part of our 
real number line. When we say "is less than" ("is a lower tem- 
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perature than"), we mean "is to the left of" on the thermometer 
scale. On this scale, which number is the lesser, "5 or ""lO? 

Thus we extend our former ' ing of "is less than" to the 
whole set of real numbers, : ag- aat: 

"is less than* x real numbers 
means "is to the left of" on the 
real numb'"jr line. If a and b 
are real numbers, "a is less 
than b" is written 
a < b, 

(Now and in the future a variable is understood to have as 
its domain the set of real numbers, unless otherwise stated.) 

Can you give a meaning for "is greater than" for real 
numbers? As before, use the symbol ">" for "is greater than". . 
In the S6me way, explain the meanings of "^", "^", "jef", "?^" for 
real numbers . 

Problem Set 5-2a 

1. For each of the following sentences, determine which are true 
£tnd whicl> false . 



(a) 


3 ^ "1 




3.5 


(b) 


2 < '1 


(s) 


"6 > "3 


(c) 


< 3.5 


(h) 


3.5 < 


(d) 


"2.2 


(1) 


"3 < "2.8 


(e) 




(J) 


V/f "2.8 
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2. Consider the following pairs of real numbers and tell vrtilch 
of the sentences below each pair are true smd which are 
fal3e. For example, for the pair 

"2 and : 
"2 < 2-^-1 Is truej 
'2 ^ 5 ^ falsej 
"2 > ? g ^ Is false, 
(a) "35 .l'^ ai ^ 2 and "2: (c) and 2 x 2: 

"3.14 < "3 2 < "2 • < 2X2 

"3.14 = "5 2 = "2 = 2X2 

"3 .14 > "3 2 > "2 > 2 X 2 

(d) "0.001 and^;^): 

-0.001 < ■(^■) 

-0.001 = (jj^) 



"0.001 > 



3. Draw the graprr-of the truth set of each of the f oll^;r> . 
sentences. Fcr example: 

X > -1, -4 -3 -2 6 ] 2 3 ' 

^ ^ "2, 6 1 2 3 



(a) 


y < 2 


(f) 


c < 2 and c > -2 


(b) 


u / 3 


(g) 


a-^ "3 and a ^ 'l 


(c) 


V ^ 1 


(h) 


d ^ -1 or d > 2 




r / "2 


(15 


a < 6 and a < "2 


(e) 


X » 3 or ~ < -1 


(J) 


u > 2 and u < "3 
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For each of the following sets, write an open sentence 
involving the variable x which has the given set as its 
truth set: 

(a) A is the set of all real numbers not equal to 5. 

(b) D is the set of all real numbers less than or equal to 
"2. 

(c) C is the set of all real numbers not less than ^. 

Choose any positive real number p; choose any negative real 
number n. Which, if any, of the following sentences are 
true? 

n<p, P<n, n^p, n/p. 

Let the domain of the vai'iable p be the set of integers. 
Then find the truth set of 

(a) "2 < p and p < 

(b) P "2 and < p. 

(c ) p « 2 or « "5. 

(a) During a ^crAd ^aj the temperature rises 10 degrees from 
"5^, Whax is tl^e final temperature? 

(b) On another* .dar -fee temperature rises 5 degrees from 
"10^. How T:*:gh does it go? 

(c ) During a Janua^iV thaw the temperature rises from "15^ 
to 35^. ffioirmu<?h did it rise? 

In the blanks belcw ase one of <, > to make a true sen- 
tence, if poB^\^¥ln, each case. 

(a) I U) "W 

(b) f I (e) f 1 

(o) ^ (f) "I "I 
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There are certain simple but highly important facts about 
the order of the real numbers on the real number line. If we 
choose any two different real numbers, we are sure that the first 
is less than the second or the second is less than the first, but 
not both. Stated in the language of algebra, this property of 
order for real numbers becomes the comparison property ; 

If a is a real number and b 
is a real number, then exactly 
one of the following is true: 

a<b,a=b,b<a. 



Problem Set 5"2b 

For each of the following pairs of numbers verify that the 
comparison property is true by determining which one of the 
three possibilities actually holds between the numbers: 

(a) "2 and "l .6 (d) "l6 and ^* 

(b) 0 and "2 (e) 12 and (5 + 2)(i X ^) 

^ ' 5 5 (f) 2 and 2 

Make up true sentences, using <, involving the following 
pairs: 



(a) 


2, "5 


(f) 


103 205 
"If' "tF 


(b) 


1 '1 
2' 2 


(s) 


12., 2 
15' 3 


(c) 


-4 "6 


(h) 




(d) 


4 11 
5' 10 




'1.5 


(e) 


-k 11 
5^' T55 


(J) 


J2 ^TT > 1.5+3 



The comparison property stated in the text is a statement 
involving . Try to formulate the corresponding property 
involving ">", and test it with the pairs of numbers in 
p3roblem 1 . 
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4; Try to state a' comparison property involving . 



Which is less than the other, ^ or ^? You can find out by 
applying the multiplication property of 1 to each number to get 
^ ^ B ^ i ^ i 5 W ^ < h ^^^^^se U is to 

the left of 1^ on the momber line. 

You should now be able to compare any two rational numbers. 
How would you decide which is the lesser, or ? (Describe 
the process; do not actually carry it out.) 

Perhaps you noticed, in comparing and that < 5 

(i.e., f|J< Sf) and 5 < ^ (i.e., ^ < ^) • Could you now 

decide abbut the order of 2^ and--^^ without writing them as 

fractions with the same denominator? How could you find out 
simila-ly which is lesser, ^ or ^? Or suppose that x and y 

are re..l numbers and that x < "l and "l < y. Again using the 
number line, what can you say about the order of x and y? 

The property of order used in these ast three examples we 
call the transitive propertry ; 

If a, b, c are real numbers 
and if a < b and b < c, 
then a < c . 



Problem Set ^-2c 

1. In each of the following groups of three real numbers, deter- 
mine their order: 

For example, J, J, ^ have the order: 5* < |-> f < 1* 

'5 < I- 



Footnote 

*From Latin, trans ire, to go across. 
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4. 

5. 
6. 



(a 

(b 
(c 
(d 

(e 

(f 

(g 
(h 

(1 



~1 "5 

^, ^, and 12, 

TT, "tt , and "^2, 

1.7, 0, and '1.7, 

~'2'i 



I", and |-, 



3 X (27 + 6) ^ (2 X 3) + (7 X 9) 
3-, 4^ (3 + '^)^ 



and 




1 



1 1 



1 + |. 1 ^ (|)^ (1 + 



2. State a transitive property for ">", and illustrate this 
property in two of the exercises in Problem 1. 

3, Art and Bob are seated on opposite ends of a see-saw (teeter- 
totter), and Artts end of the see-saw comes slowly to the 
ground. Cal gets on and Art gets off, after which. Bob's 

end of the see-saw comes to 1;he ground. Who is heavier. 
Art or Cal? 

Is there a transitive property :ior the relation If so, 

give an example . 

State a transitive property for and give an example. 

The set of numbers greater than 0 we have called the 
positive real ^lumbers , and the set of numbers less than 0 
the negative real numbers . Describe the 

(a) non-positive real numbers, 

(b) non-negative real numbers. 

7. Find the order of each of the following pairs of numbers: 
(a) "^and "f| '-^ '2^5 "iM 



•(b) 



and ^ 
13 



(c) 2^ and ^ 



(d) ^ and \ 
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5-5 • Qpposltes 

When we labeled points to the left of 0 on the real number 
line, we began by marking off successive unit lengths to the left 
of 0. We can also think, however, of pairing off points at ^ 
equal distances from 0 and on opposite sides of 0. 1" :3, 2 
is at the same distance from 0 as 2. What number is au uhe 
same distance from 0 as I? If you choose any point on the 
number line, can you^find a point at the same distance from 0 
and on the opposite side? What about the point 0 itself? 




Since the two numbers in such a pair are on opposite sides 
of 0, it is natural to call them opposites . The opposite of a 
non-zero real number is the other real number which is at an equal 
distance from 0 on the real number line . What is the opposite 
of 0? 

Let us consider some typical real numbers . Write them in 
a column. Then write their opposites In another column; then 
study the adjacent statements . 



2, 

"1 
2' 

0, 



"2; 

h 

0; 



"2 is the opposite of 2. 
i- is the opposite of ^. 

0 is the opposite of 0. 



117 



[sec. 3^3] 



109 



The statements themselves ^ ^^^rnbersome to write, \d we need 
a symbol meaning "the w .r" , Let us use th r dash 

to mean "the opposite c v-, . this symbol zhe three state- 
ments become the true sentences: 

"2 = -2 

1 ^ "1 

2 " ^ 2 

0 = -0. (Read these sentences 
carefully.) 

We can learn two things from these sentences. First, it 
appears that ""2" and "-2" are different names for the same 
number. That is, "negative 2" and "the opposite' of 2" represent 
the same number. Hence, it makes no difference at what height 
the dash is drawn, since the meaning is the same for the upper 
and lower dash. This being the case, we do not need both symbols 

V/hich shall we retain? The upper dash refers only to nega- 
tive numbers, whereas the lower dash may apply to any real 
number. (Note that the opposite of the positive number 2 is^the 
negative number "2, and the opposite of the negative number ^ 
is the positive number ^.) Hence it is. natural to retain 
the "opposite of" symbol to mean either "negative" or "opposite 
of" when the number in question is positive . Now the sentences 
may be written 

-2 = -2, (read "negative 2 is the opposite of 2") 
i* ^ i")' (read "i is the opposite of negative i") 
0 = -0 

The second of these sentences can be read also as: 

i is the opposite of the opposite of ^. 

Secoad, we ohsewe in general that the oppos:l:te of the 
opposite of a number is the number itself; in symbols: 

For every real number y, 

-(-y) = y. 
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What is the opposite of the opposite of the opposite of a number? 
What is the opposite of the opposite of a negative number? 

When we attach the dash to a variable x we are perform- 
ing on X the operation of "determining the opposite of x" . 
Do not confuse this with the binary operation of subtraction, 
which is performed on two numbers, such as 5 - x, meaning "x 
sub1;racted from 5." What kind of number is -x if x is a 
pos±tive number? If x is a negative number? If x is 0? 

. We shall read "-x" as the "opposite of x" . Thus, if x 
is a number to the right of 0 (positive), then -x is to the 
left (negative); if x is to the left of 0 (negative), then 
-X is to the right (positive). 



Problem Set 5"3a 

1. Porm the opposite of each of the following numbers: 

(a) 2.5 (c) -(-2.5) -(^2 X 0) 

(b) .2.5 (d) -(3.6-2.4) (f) -(42 + 0) 

2. What kind of number is -x if x is positive? if x is 
negative? if x is zero? 

5. What kind of number is x if -x is a positive number? if 
-X is a negative number? if -x is 0? 

4. (a) Is every real number the opposite of some real number? 

(b) Is the set of all opposites of real numbers the same as 
the set of all real numbers? 

(c) Is the set of all negative numbers a subset of the set 
of all opposites of real niombers? 

(d) Is the set of all opposites of real numbers a subset of 
the set of all negative numbers? 

(e) Is every opposite of a number a negative number? 
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The ordering of numbers on the real nvimber line specifies 
that - |- is less than 2. Is the opposite of - |- less than the " 
opposite of 2? Make up other similar examples of pairs of 
numbers. After you have determined the ordering of a pair, then 
find the ordering of their opposites. You will see that there . 
is a general property for opposites: 

For real numbers a and b, 
if a < b, then -b < -a. 

Problem Set ^-^b 

1. For each of the following pairs, determine which is the greater 
number: 

J* 

(a) 2.97, -2.97 (d) -1, 1 (g) 0, -0 

(b) -12, 2 (e) -570, -121 (h) -0.1, -0.01 

(c) -358, -762 (f) 0.12, 0.24 (1) 0.1, 0.01 

2 . Write true sentences for the following nvunbers and their 
opposites, using the relations "<" or ">" . 

Example: For the numbers 2 and 7, 2 < 7 and -2 > -7. 

(a) f, - ^ (d) 5(| + 2), ^(20 + 8) 

(b) V2, -77- (e) -(^^), -2 

(c) 7r, ^ (f) -((5+17)0), - ((5 + 0)5) 

3. Graph the truth sets of the following open sentences: 
(Hint: In parts (c) and (d) use order property of opposites 
before graphing.) 

(a) X > 3 (c) -X > 3 

(b) X > -3 (d) -X > -3 
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4. Describe the truth set of each open sentence: 

(a) -X 7^ 5 (c) X < 0 (e) -x ^ 0 

(b) -X ^ -5 (d) -X < 0 (f ) -X 1 0 

5. For the following sets, give two open sentences each of 
whose truth sets is the given set (use opposites when 
convenient): 

(a) A is the set of all non-negative real numbers. 

(b) B is the set of all real numbers not equal to -2. 

(c) C is the set of all real numbers not greater than -J. 
(d) 

(e) E is the set of all real numbers. 

6. Write an open sentence for each of the following graphs: 



' -2 -i 6 ; 2 * -2 -i 0 i 2 ' ,. 

<") - i -i ^ ] 2 -i 6 i ' r - 

7. For each of the following numbers write its opposite, and 
then choose the greater of the number and its opposite: 

(a) 3 (f) -0.01 

(b) 0 (S) -(-2) 

(c) 17 (h) (1 - 

(d) -7.2 (i) 1 . (1)2 

^8. Let us write " for the phrase "is further from 0 than" 
on the real number line. Does " v" have the comparison 
property enjoyed by ">", that is, if a and b are different 
real numbers, is it true that a >- b or b a but not 
both? Does " " have a transitive property? For which sub- 
set of the set of real numbers do " y" and ">" have the 
same meaning? ' ^ . 
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9. Translate the following English sentences into open sentences, 
describing the variable used: 

(a) John's score Is greater than negative 100. What is his 
score? 

(b) I know that I don't have any money, but I am no more 
than $200 in debt. What is my financial condition? 

(c) Paul has paid $10 of his bill > but still owes more than 



10. Change the nunierals 4^" and to forms with the same 



negative rational numbers . 



5-4. Absolute Value 

We now want to define a new and very useful operation on a 
single real number: the operation of taking its absolute value. 



The absolute value of 4 is 4, because the greater of 4 and 



the absolute value of -17? Which is always' the greater of a 
non-zero number and its opposite: the positive or the negative 
number? Explain why the absolute value of any real number is 
a positive number or 0 . 



|25. What was the amount of Paul's bill? 




The absolute value of a non-zero 
real number is the greater of that 
number and its opposite . The 
absolute value of 0 is 0. 



-4 is 4. 




(Why?) What is 
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'As usual, we agree on a symbol to indicate the operation. 
We, write 

|n| 

to mean the absolute value of the number For example, 

|lf| « 4, 1^ II « I', I- V^l « |12| « 12. 

Note that each of these is non-negative. 

If you look at these numbers and their absolute values on 
the number line, what can you conclude about the distance between 
a number and 0? You notice that the distance between ^ and 0 
is 4; betv/een - | and 0 is | , etc . Notice that the dis- 
tance between any two points of the number line is a non- 
negative real number. 

The distance between a real 
number and 0 on the real 
number line is the absolute 
value of that number. 

Problem Set 5-^a 



1. Find the absolute values of the following niimbers: 

(a) -7 (c) (6 - 4) (e) -(l4 + O) 

(b) -(-5) (d) 14 X 0 (f) -(-(-5)) 

/ \ k 

2. (a) What kind of number is what kind of number is 

(Non-negative or negative?) 
If X is a non-negative real number, what kind of 
number is |x|? 

. (b) What kind of number is - f-; what kind of niamber is 




? (Non-negative or negative?) 



If X is a negative real number, what kind of number 
is |x| ? 

(c) Is |x| a non-negative number for evex*y x? Explain. 



123 

[sec. 5-4] 



115 



3, » For a negative number x, which Is greater, x or |x|? 

4, Is the set (-1, -2, 1, 2) closed under the operation of 
talcing absolute values of Its elements? 



Vte note that for a non-negative number, the greater of the 
number and Its opposite Is the number itself. That Is: 

For every real number x 
which Is 0 or positive , 
|x| « X. 

What can be said of a negative number and Its. absolute value? 
Write common numerals for the following pairs for yourself. 

|-5| « 1-5 .1| « 

-(-5) « -(-3.1) » 

- 1| - 1-4671 - 

(What kind of numbers are -5, - ^, -5.1* -U67?) You found that 

-5| - -(-5), h5.l| - -(-3-1). 

- || « -(- |). 1-4671 « -(-U67). 

Is It now clear that we may say, "The absolute value of a negative 
number Is the opposite of the negative niomber"? That Is: 

For every negative real niomber x, 
|x| « -X. 
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Vfhich of the following sentences are true? 

(a) 1-71 < 5 (d) 2 ^ |-5| (g) -2 < |-5| 

(b) |-2| 1 1-5| (e) H a 12| (h) |yi|| > 

(c) hi < 111 (f) -5 < 17 (1) i-2r = ^ 



Write each as a conunon numeral: 



(a) 


|2| + |5| 


(1) |-5l - 


|2| 


(b) 


|-2| + 151 


(J) l-2| + 


1-51 


(c) 


-(|2| + 151 ) 


(k) -( |-5l 


- 2) 


(d) 


-( l-2| + |5| ) 


(1) -(l-2| 


+ 1-51 ) 


(e) 


|-7| - (7 - 5) 


(m) 5 - |5 


- 2| 


(f) 


7 - 1-51 


(n) -(1-71 


- 6) 


(6) 


1-51 X 2 


(o) 1-51 X 


|-2| 


(h) 


-(l-5| - 2) 


(p) -(|-2| 


X 5) 




(q) 


-( |-5l X |-2| ) 




What 


is the truth set 


; of each open sentence? 


(a) 


W = 1, (b) 1 


x| - 5, (c) |x| + 


1 = ^, 



Which of the following open sentences are true for all real 
numbers, x? 

(a) |x| ^ 0, (b) X ^ |x| , (c) -X < |x| , (d) - |x| ^ X. 
(Hint: Give x a positive value; then give x a negative 
value. Now come to a decision.) 

Describe the variables used and translate into an open 
sentence: John has less money than I, and I have less 
than if 20. How much money does John have? 
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6. Graph the tnxsh »ats of the following sentences: 

(a) |x| < 2 

(b) X > -2 and X < 2 
to) \x\>2 

(d) X < -^2 ^ X 2 

? • Compare the g:3pnt of the sentences s^n problems 6(a) Bsrd 
(b). In 61:::^ » d). 

8. Show that If a \3 a negative real number, then x i 
the opposite cf ^le absolute value of x; that Is, 12 

X < 0, then x «■ - |x| . (Hint:* Vlhsrb Is the opposite > the 
opposite of a r»ai)er?) 

9. Graph the set of Integers less than 5 vrtiose absolute 
values are greater than 2. Is -5 an element of this 
set? Is 0 an element of this set? Is -10 an ^element 
of this set? 

10. If R Is the set of all real numbers, P the set of all 
positive reed nxmbers, and I the set of all Integers, 
write three numbers; 

(a) In P but not In I, 

(b) In R but not In P, 

(c) In R but not In P nor In I, 

(d) In P but not In R. 

11. Translate into an open sentence: The temperature today 
remained within 5 degrees of 0. 

12. Compare the truth sets of the two sentences 

|x| = 0, |x| « -I* 
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5-5 • ' Sumaary 

1. Pointe to .2^' c: 0 on the number line - 2 labeled Vflth 
negative nt rr,,,,:if.j, ttef 3et of real numbers con c.sts of all 
numbers of ir-ltnmeeCPl:lr and their opposites. 

2. Many points o: ijie T.m^tDer line are not assigned rational 
number coordims; , ^t^iese points are labeled vrlth irrational 
numbers , The r ->t ^^r -real numbers consists of all rational 
and irrational irtise^i'^- 

3. "Is less than'- :'7T-:''^^ numbers mecuis "to the left of" on 
the number lii - 

4. Comparison ?rzj --t^^. If a is a real niamber and b is a 
real number, tf n ^r/^accly one of the following is true: 

a < b, a = b, v a 

5. Transitive Pre ^rtj . If a, b, c are real numbers suid if 
a < b and b c, ^hen a < c. 

6. The opposite a: is 0 and the opposite of any other real 
number is the cchrer number which is at an equal distance from 
0 on the real xmnber line.. 

7. The absolute value of 0 is 0, and the absolute value of 
any other real nasnber n is the greater of n and the 
opposite of n,, 

8. If X is a poa±tx*v^ n^lmber, ^en -x is a negative number. 
If X is a negan3:^ mmiber, :then -x is a positive number. 

9. The absolute vaioiB the real number n is denoted by |n| . 
Also, |n| is a nan--negative number which is the distance 
between 0 and n on the number line . 

10. If n ;^ 0, then |n| = n; 
if n < 0, then |n| = -n. 
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Review Problems 

Which of the following sentences are true? 

(a) -2 < -5 -(d) - I ^ .(i^) 

(b) -(5 - 5) = -(2) ,2 ^ ,.3| 

(c) .(5 - ?) < - |-2| ) ,.2| ^ |„5| 

Which of the following sentences are false: 

(a) -(-3) + 5 > -(-2) + 6 (d) |<| and ^i<.| 

(b) 3 -3 or 3 > -5 (e) |J| < ) 

(c) 3 ;^ -3 and 3 > -3 / i i x / , , 

(f) 1-3 -2) > Us - r5l ^ 



Draw the graph of each of the following sentences: 

(a) V ^ 1 and v < 3 (c) x < 4 or x > 2 

(b) Irl - 2 (d) ix| = X 
Describe the truth set of each sentence . 

(a) y 1 3 and y > 4 (d) |x| = -x 

(b) -|u| < 2 iy| < -2 

(f ) Iv| 2 0 

(c) -3 < X < 2 

Consider the open sentence " |x| < 3". Draw the graph of its 

truth set if the domain of x is the set of: 

(a) real numbers (c) non-negative real numbers 

(b) integers ' (d) negative integers. 

Describe the variables used and translate each of the follcjur- 
ing Into an open sentence: 

Ca) On Thursday the average temperature was 4^ lower than 
Friday, and on Friday it vjas below -10^, What was the 
average temperature on Thursday? 
(b) On Sunday the average temperature remained within 6^ 
of -5° 
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If H is the set of all re:^ numbfire^^, ? the set of all 
positive real ntunbers, P t a set of all rational numt^s 
I the set or all integers, cnich cr trn^^ following are i:^^;^ 
state:s!^ts? 

(a) 7 13 3. subset of R. 

(b) Every dement of I Is an elsmsnt of P. 

(c) Trzsre are elements of I whlc& are not elements of 

(d) Zverj element of I is an elssnent of P. 

(e) Tb,ere are elements of R which are not elements of 

Draw the graph of the set of Integers less than 6 whose 
absolute values are greater than 5» Is -8 an element of 
this set? 

When a certain integer and Its successor are added, the 
result is the successor Itself. 

(a) V/rite an open sentence translating the English sentence 
above . 

(b) iB!ind the truth set of this seinbence. 

The perimeter of a square is less uhan 10 inches . 

(a) What do you know about the nusiber of units, s. In tfae 
side of this square. Graph this set. 

(b) What do you know about the number of units. A, in the 
area of this square . Graph this set • 
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Chapter fa 
PROPERTIES OP JUDDITION 



- 6-1. Addltrjioa cf Sfeal Numbers 

Es©r Sines £±:^ grade you ha^ been adding numbers, the non- 
negatfisre numte-: -rr arithmetic. No; . are dealing with a larger 
set of numbers:, -^tE^ real numbers. :-rr long experience with add- 
ing non^negaK:.^; cambers, both in anzltilimetic and on the ntmiber 
line, should qpi^Oy give us a clue ::b3 to how we add real numbers. 

Let us co2rsi^r the profits anda.os'ses of an imaginary ice 
cream vendor dtiriiag his 10 days in easiness. We use positive 
numbers to represea-t proiTlts and ne^ive numbers for losses. 
Let us describe his bnsisiess activity-, and then make two columns, 
one for the artthmetxc of computing Ms net income over two-day 
periods, and tiie other for picturing i;he same on the number line. 



Business 

Hon. : Profit of $7 
Tue. : Profit of $5 

Wed. : Profl± cf $6 
Biu. : Loss df: $^ 
(Tire trmrnle) 

Eci. : Loss zif" $7 
(another t:ijc?e) 
Sat: : feofi?t of $4 



Sim.;: ^s^zcZ jT^Esar. 
Mon. : lasis air JLS 
( cDld da^r) 

Tue^: Loss of 

(^xiolder) 
Wea..: Loss of! 

(gave up? 



Arithmetic 

7 + 5 = 12, 
net income 



6 + M = 2, 
net income 



(-7) 4 . -3 



0 ^ C-3) = 



Number Line 



(.H) + (_6) = _ir -10 



H 

0 


1 [— 

7 12 


f~ 

1 




0 


— 1 \ 

2 6 

h 7! — — 1 




1 1 — 

r -3 0 




1 1 — 

-3 0 


r — ' — r-^— 1 

-1— 1 H- 
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These accomts Illustrate alErsrt every possible sum of real 
aumbers: a positive plus a positive, a positive plus a negative, 
■a. negative plus a positive, 0 plus a negative, and a negative 
plus a negative. 

One of the purposes of this ssct-jzn will be to learn how to 
translate Into the language o: al^br". operations which we first 
describe geometrically. Addl-lon on tne numbsa? line Is Biz^ii an 
operation; we shall try to de'lne It in the language of alsebra„ 

If we take 7 + 5 and picture trd.s addition on the number 
line, we f±rst go from 0 to 7. and then from 7 we move 5 i^ore 
units to th^ right. If we consider (-7) + ^, we first go from 
0 to (-7), and then from (-7) move 4 units to the right. These 
examples remind us of something we already know: To add a positive 
number, we move to the right on tns nmber lins. It should now 
be clear from our other examples ;2±::ove what iiappens on the num- 
ber line when we add a negat±ve nrnatoer. Whe:- we added (-4), we 
moved 4 units to the left; when w& added (-6), we movsd 6 units 
to the left. We have one more cass to consifisr: If we add 0, 
what motion, if any, results? 

We have now described "Ses motlan in all cases; let us see 
if we can learn to ^y algehraically how far we more. J-orget 
for the mom^-t ^ directlcn^ we Just want to Iknow how far we 
go when we go from a to £ ' b. When b is positive we gp to 
the right. Yes, but how far? We go Just b units. When b 
is negative, go to the l^^rt. How £ar? We gc: (-b) ^nirfcs:. 
(Remember (-b) is posit ve tt ~ is 3Egatlve. ) Zf r IH 0, we 
don't go at aOIL. lihs-c. 3ymbt>" dn know which means "ii ±f o 
is positive, -b if r is r-garf-ve, and 0 if b is 0"? 
"|b|", of course. Anu so tits have learned that to find a + b on 
the number line, we start from a and move the dlstamss |b| 

to the right, if b is positive; 
to the left, if b is negative. 



131 



[sec. ro.-l] 



123 

Pi^oblem Set 6-1 

1. Do the following problemjg, using positive anc negative nurnbers: 

(a) A football team lost 6 yards on the flrsr play and 
gained 8 yards the second play. What weje: the net yard- 
age on the two plays? 

(b) John paid Jim the 60/ he owed, but Joieti aollected the 
50/ Al owed him. What is the net reseat of John's 
two transactions? 

(c) If a thermometer regist^e^rs -15 degrees arA the tempera- 
ture rises 10 degrees^ i^-hat does the th^rnnometer then 
register? What if the TSsiroerature had rrisen 30 degrees 
instead? 

(d) Miss Jones lost 6 poimfe during the first week of her 
dieting, lost 3 pounds the second week, gained 4 pomscs 
the third week, gained! 5 pounds the ZLasr wsek. What 
was her net gain or loss ? 

2. Perform the indicated operations on real nuiriue^a, us±ng tire 
number line to aid you: 

(a) (4 + (-6)) -f (-4) f^) 2 (0 + (-.Z)] 

(fcD 4 4- ((-6) + (-^)) (f) ( ;-3) ^ C] ^ (-2.5) 

(c) -f4 4- (-6)^ fe^ 3-21 - (^2) 

(d) 3 -f ((-2) + 2) (ii ) 1-3) - ( ;-3 l -f 5) 

3. Tell in your own words v^a± yon no to the tnwc given nuHrbezsr: 
to find their sum: 

(a) 7+10 (f ; (-7) - (--G) 

(b) 7 + (-10) fe (-7) - 10 

(c) 10 -f (-7) {h) (-10) + 7 

(d) (-10) -f (-.7) (l}i (-10) ^ 0 

(e) 10 + 7 (J) 0 + 7 

4. In which parts of Problem 3 tSin you do the adailtion just 
as you added numbers in srti±mtt'''^ts:'> 

5. What could you always say-::s^vaut -zne Bum i^ten roth numbe>'.-*3 
were negative? 
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6-2. Egflnltlon of Addition . 

We now want to use what we have Just learned about addition 
on the number line to sax first In English and then In the lang- 
uage of algebra, what we mean by a + b for all real numbers a 
and b. The accounts of the Ice cream vendor have Introduced 
us to a number of cases. First of all, we know from previous 
experience how to add a and b If both are non- negative numbers. 
So let us consider another example, namely, a negative plus a 
negative. What Is 

+ (-6)? 

We have found, on the number line, that 

(_4) + (-6) = (-10). 
Our present Job is to think a bit more carefvaiy about Just how 
we reached (-10). We begin by moving from 0 to (-^). Where 
is (-4) on the number line? It is to the left of 0. How far? 
"Distance between a number and 0" was one of the meanings of the 
absolute value of a ntatiber. Thus the distance between 0 and (-4) 
Is 1-^''. (Of course we realize that it is easier to write 4 than 
1-4 1, -nut the expression |-4| reminds us that we were thinking 
of "distance from O", and this is "worth remembering at present.) 
(-4) is thus I -4 1 to the left of 0. When we now consider 

{-^) + (-6), 

we move another |-6| to the left. Where are we now? At 

-d-M + 1-61). 

'Thus ovir thinking about distance from 0 and about distance moved 
on the number line has led us to recognize that 

(_4) + (-6) = -{\-^\ + 1-61) 

is a true sentence. 

You can reasonably ask at this point what we have accomplished 
by all this. We have taken a simple expression like {-^) + (-6), 
and made' it look more complicated! Yes, but the expression 
-(|_4| + |-6|), complicated as it looks, has one great advantage. 
It contains only operations which we know how to do from previous. 
experience ! Both and |-6| are positive numbers, you see, 

and we know how to add positive numbers; and -( |-4| + |-6| ) is 
the opposite of a number, and we know how to find that. Thus 
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we have succeeded in expressing the sum of two negative numbers 
for which sum we previously had Just a picture on the number 
line. In terms of the language of algebra as we have built It 
up thus far. 

~ Think throvigh (-2) + (-3) for yoiarself, and see that by the 
same reasoning you arrive at the true sentence 

(-2) 4- (-3) = -(|-2| + |.3|). 

From these examples we see that the following defines the 
B\m of two negative numbers in tenns of operations vrtilch we 
already know how to do: 

In English: The sjm of two negative numbers is negative; 
the absolute value of this sm is the sum of the absolute values 
of the numbers. 

In the language of algebra: 

If a and b are both negative numbers, then 
a + b = -(|a| + |b|). 

Problem Set 6-ga 

1. Use the definition above to find a common name for each of 
the following indicated s\ams, and then check by using intui- 
tion concerning gains and losses, or by using the number line. 
Example: by definition 

(-2) + (-3) = -(|-2| + |.3|) 
= -(2 + 3) 

Check: A loss of $2 followed by a loss of $3 is a net loss 
of $5^ 

(a) (-2) + (-7) (d) (-25) + (-73) 

(b) (-4.6) -f (-1.6) (e) 5| V 2^^ 

(c) («3|) 4- (-2|) 

2. Find a common name for each of the following by any method 
you choose: 

. (a) (-6) + (-7) (c) -(|-7l + !-6|) 

(b) (-7) + (-6) (d) 6 + (-4) 
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(e) (.4) + 6 (h) -(|-3| - |0|) 

(f) |6| - (1) 3 + ((.2) +2) 

(g) 0 + (-3) 

3. Find the- truth set of each of the following sentences: - - 

(a) (-5) + (x) = -(1-51 + 1-31) 

(b) X + (.5) = -(1-51 + 1-31) 

(c) (-5) + (x) = -(|-3| + 1-51) 

(d) X + (.5) = -(|-3| + 1-51) 

4. Think again of Problem 3 In Problem Set 6-1. When one number 
Is positive and one Is negative, how far Is their sum from 0? 

5. When one number is positive and the other Is negative, how 
do you know whether the sum Is positive or negative? 

^6. Is the following a true sentence for all non-negative values 
of X? 

(-1) + (-x) = -d-ll + j-xj). 



So far, we have considered the sum of two non-negative num- 
bers, and the sum of two negative numbers. Next we consider the 
sum of two numbers, of which one is positive and the other is 
negative . 



Let us look again at a few examples of gains and losses: 



Profit of $7 and loss of $3; 


7 




(-3) = 4; 


|7| - 


|-3| = |4| 


Profit of $3 and loss of $7; 


3 


+ 


(-7) = 


^; 1-71 ■ 


- |3| = |U 


Loss of $7 and profit of $3; 


(- 


■7) 


^- 3 = 


1-7 1 ■ 


- 131= 1-4 


Loss of $3 and profit of $75 


(■ 


-3) 


+ 7 = ^; 


|7| - 


l-3| = |4| 


Loss of $3 and profit of $3; 


(■ 


-3) 


+ 3 = 0; 


|3| - 


1-31 = |0| 



Consider these examples on the number line, and also think 
again about 1the questions in Problems h and 5 in Problem Set 6w2a» 
Prom these it appears that the sum of two numbers, of which one ~ 
is positive (or O) and the other is negative, is obtained as 
follows: 
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The absolute vgQue of the sinn is the difference 
of the absolute values the nmbers. 

The svm Is positive if the positive number has 
the greater absolute vaine. 

llie_ s\am..is negative if the negative number ^^^h^^ 
th e greater atosolute valize . 

The sum is 0 If the pcEiitive and negative num- 
bers have the same abs^lirbe value . 

In the language of algebra. 

If a ^ 0 and fa <; 0, then: 

a + = |al - |b|, if |a| ^ 1^1 

and 

a + b = -(Ibl . |a|), if |b| > |a|. 

If b 2 0 ^ Q> tl^en: 

a ^ = \h\ - |a|, if |b| 2 |a| 

and 

a ^ D - |b|), if |a| > |b|. 



Problem Set 6- 2b 
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1. In each of the fcjilowlng, find the sum, first according to 
the deflnitio3!i, and then by any other method you find con- 
venient. 

(a) (-5) + 3 (e) i8 + (-1^) 

(b) (-11) + (-5) (f) 12 + 7.^ 

(c) (-|) + 0 (g) (-|) + 5 

(d) 2 + (^2) (h) (-35) + (-65) 

2. Is the set of g-"^'*^ real numbers closed under the operation 
of addition? 

3. Is the set of ^^'^ negative real niambers closed londer addi- 
tion? Justify ;5raur answer. 

4. In the course cf a week the variations in mean temperature 
£irrai the seasonal normal of 7I were -7 , 2, -3, 0, 9, 12, -6. 
Wbat were the mesa temperatures each day? Whdt is the sum 
air the variations:? 
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For each of the following open sentences^ find a real number 
which will make the sentence true: 

(f) c + (-3) = -7 

(g) y + I = -| 

(h) |x + (-4) = 6 
(1) (y + (-2)) +2 = 3 
(J) (3 + x) + (-3) = -1 

Which of the following sentences are true? 

(a) (-4) + 0=4 

(b) -(1-1.51 - |0|) = -1.5 

(c) (-3) + 5 - 5 + (-3) 

(ltd) (4 + (-6)) +6=4+ ((-6) + 6) 

(e) (-5) + (-(-5)) -10 

(f) (-7) + ((-5) + (-3)) = ((-7) + (-5)) + 3 

(g) -(6 + (-2)) = (-6) + (-2) 

(h) (-7) + (-9) = -(7 + 9) 

(i) (-3) + 7 » -(3 + (-7)) 

Translate the following English sentences Into open sentences. 
For example : Bill spent 6o/ on Tuesday and earned ^Of^ on 
Wednesday. He couldn't remember what happened on Monday, 
but he had 30/ left on Wednesday night. What amount did he 
have on Monday? 

If Bill had X cents on Monday, then 

X + (-60) +40 = 30. 
Uils can be written 

X + (-20) » 30. 

(a) If you drive 4o miles north and then drive 55 miles 
south, how far are you from your starting point? 

(b) The svmi of (-9)> 28, and a third number is (-52). What 
is the third number? 

(c) At 8 A.M. the temperature was -2*. Between 8 A.M. and 



(a) X + 2 a 7 

(b) 3 + y = -7 

(c) a + 5 = 0 

(d) b + (-7) - 3 

(e) (4) + X = -i 
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noon the temperature increased 15°. Between noon and 
4 P.M. the temperatxire increased 6"". At 8 P.M. the 
temperature was -9°. What was the temperature change 
between 4 P.M. and 8 P.M.? 

(d) If a 200-povuid man lost 4 pounds one week, lost 6 
pounds the second week, and at the end of the third 
week weighed 195 pounds, how much did he gain in the 
third week? 

(e) A stock which was listed at 83 at closing time Monday 
dropped 5 points on Tuesday. Th\zrsday morning it was 
listed at 86. What was the change on Wednesday? 



6-3. Properties of Addition 

We were careful to describe and list the properties of addi- 
tion when we dealt with the ntmibers of arithmetic. Now that we 
have decided how to add real numbers, we want to verify that 
these properties of addition hold true for the real nvimbers gen- 
erally. 

We know that our definition of addition includes the usual 
addition of numbers of arithmetic, but we also want to be able 
to add as simply as we could before. Canwe still add real 
numbers in any order and group them in any way to suit our con- 
venience? In other words., do the commutative and associative 
properties of addition still hold true? If we are able to 
s^itlsfy ourselves that these properties do carry over to the real 
numbers, then we are assixred that the structure of niambers is 
maintained as we move from the niambers of arithmetic to the real 
numbers. Similar questions about mtatiplication will come up 
later. 

Consider the following questions: Are 4 + (-3) and (-3) + 4 
names for the same niamber? Check this on the number line. Do 
similarly for (-1) + 5 and 5 + (-1); and for (-2) + (-6) and 
(-6) + (-2). 

Do the above sentences cover every possible case of addition 
of real niambers? If not, supply examples of the missing cases. 
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It appears that the sxan of any two real numbers ia the same 
either order of addition. This is the 



Co mmutative Property of Addition : For any two 
real numbers a aind b, 

a + b « b + a. 



Next, compute the following pairs of tjums: 



(7 + (-9)) + 3, and 7 + ( (-9) + 3^ ; 
(S + (-5)) + 2, and 8 + ((-5) + 2) ; 
(4 + 5) + (-6), and 4 + (5 + (-6)) . 



What do you observe about the results? 

We coxild list many more examples. Do you think the same 
results would always hold? We have the 

Associative Property Qf A<?dltlQn! For any real 
numbers a, b, and c, 

(a + b) + c = a + (b + c). 

Of course, if the associative and commutative properties hold 
true in several instances it is not a proof that they will hold 
true in every instance. A complete proof of the properties can 
be given by applying the precise definition of addition of real 
numbers to every possible case of the properties. Ttiey are long 
proofs, especially of the associative property, because there 
are many cases. We shall not take the time to give the proofs, 
but perhaps you may want to try the proof for the commutative 
property in some of the cases. 

The associative property assures us that in a sum of three 
real numbers it doesn't matter vriiich adjacent pair we add first; 
it is customary to drop the parentheses and leave such s\jms in 
an tinspecified form, such as 4' + (-1) + 3. 

Another property of addition, which is new for real numbers 
and one that we shall find useful, is obtained from the defini- 
tion of addition. For example, the definition tells us that 




1:3.9 



131 



Addition Property of Oppo sites ; For every 
real niimber a, 

a + (-a) = 0. 

One more property that stems directly from. the definition 
is the 

Addition Property of 0: For every real num- 
ber a, 

a + 0 = a. 

Make up several examples to illustrate this and the precedlr^ 
property. 

Problem Set 6-3 

1. Show how the properties of addition can be used to explain 
why each of the following sentences Is true: 
Example : 

5 + f 3 + (-5)) -3+0 
The left numeral is 

5 + ^3 + (-5)) (5 ^ (-5)) + 3 associative and 
^ ' ^ ' commutative pro- 

perties of addition. 

=0+3 addition property 

of opposites. 

=3+0 commutative property 

of addition. 

The right numeral is 

3 + 0. 

(a) 3 + [(-3) + 4) = 0 + ^ 

(b) (5 + (-3)) + 7 - ((-3) + 5) + 7 

(c) (7 + (-7)) +6=6 

(d) l-ll + |-3| + (-3) = 1 

(e) (-2) + (3 + (-4)) = ((-2) + 3) + (-4) 

(f) (-1-51) + 6=64: (.5) 
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2. Consider various ways to do the following computations 
mentally, emd find the one that seems easiest (if there is 
one). Then perform the additions .in the easiest way. 

(b) .27 + (-18) + 3 + .73 
• (c) (-5) + 32 + 3 + (-8) 

(d) (-|) + 7 + (-2) + (-|) +2 

(e) 1+ (-3) + 6 + ^ + (-2) 

(f) 253 + (-67) + (-82) + (-133) 

(g) l-fl -^1-^ (-7) + |^4| 

(h) (x + 2) + (-x) + (-3) 

(i) w + (w + 2) + (-w) + 1 + (-3) 

3. Using the associative and commutative prop-" 'ties of addition, 
write a simpler name for one phrase of each of the following 
sentences, and find the truth set of each: 

(a) X = X + ((-x) + 3) (b) m + ^7 + (-m)^ = m 

(c) n + (n + 2) + (-n) + 1 + (-3) = 0 

(d) (y + 4) + (.4) = 9 + (^4) 

*4. Use the definition of addition for negative nijmbers to show 

that if a < 0 and b < 0, then a + b = b + a. 
*5. Use the definition of addition to show that a + 0 = a for 

all real numbers a. 
*6. Use the definition of addition to show that a + (-a) = 0 for 

all real numbers a. (Hint: Separate out the cases a = 0 

and a ^ 0. ' If a ^ 0, one of a and -a is positive, the 

other negative (Why?)). 



6-4. The Addition Property of Equality , 

There is another f^ct about f»ddition to which v/e must give 
attention. We know that 

^ + (-5) = (-1). 

This means that 4 + (-5) and (-1) are two names for one numbcx*. 
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I i Let U8 add 3 to that number. Then + (-5n + 3 and (-1) + 3 
are again two names for one nxaraber. Thus 

(if + (-5))+ 3 = (.1) +3. 

Al 8 o , for example , 

+ (-5)) + 5 « (-1) + 5. 

Similarly, since 

7 = 15 + (-8), 
7 + (-7) = (l5 + (^8)^ + (-7). 

Oliis suggests the 

Addition Property of Eqiiality ; For any real 
numbers a, b, c, 

if a t=« b, then a + c = b + c 

In words, if a and b are two names for one number, then 
a + c and b + c are two names for one number. 

Let us use the previously stated properties of addition, 
and the above property of equality in some examples. 
Exanqple 1. Detensine the truth set of the open sentence 

X + 1= -2. 

Can you guess !2scimbers vdiich make this sentence true? If you 
don't see it easily, could you use properties of addition to 
help? I^t u3 see. We do not really know whether there is any 
number making this sentence true. If, however, there is such 
a number x vrtiich makes the sentence true (that is, if the truth 
set is not empty), then x + ^ and -2 are the same ntimber. 

Let us add to this number; then by the addition property 
of equality we have 

(X + |) + (-|) = (-2) + (-f). 
3 

Vfhy did we add -^? Because In this case we wish to change 
the left numeral so It will contain the numeral "x" alone. Watch 
this happening In the next few lines. 

Continuing, we have 
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K X = (Why?) 

^. • 13 ^ 

Thus, we arrive at the new open sentence x « ""3*' ^ nimiber 
X makes the original sentence true, it also makes thia new 
sentence true. Of this we are certain because we applied pro- 
perties which hold true for all real nxambers. This tells us 
that is the only possible truth value of the original sen- 
tence. But it does not gtxarentee that it is a truth value, 
13 

Does make the original sentence true? Yes, because 

i> 



13 X. 3 
5 

Here we have discovered very Important idea about -Hentences 
; such as the above. We have -shown that If there is a numter x 
making the osiginal sentence true, then the only number which 

1 q 13 

" X can i)©; is. The minuts. we check and find that ^ does 

. make the sentience true, we hEv:e fomd the one and oniy number 
which beiiijDngs to the truth set. 

Bie .rontence in the previous example is an equation . We 
p shall often call the truth set of an eauat'ion its solution set , 
and its members solutions , and we shall write "solve" -instead 
of "determine the truth set of". 
. Example 2. Solve the equation 

r • 5 + 1=. X + (-|) • 

l(: If 5 + I « X + (-|-) is true for some x, 

J V&ien (5 + 1") + I" = + (-|-)) +1- is true for the same xj 

5 + 2 = X + 0 is true for the same x; 

i;;: 7 = X is true for the same x. 
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^;if X « 7, 

3 10 3 

'ithe left aide is: . 5 + |. = + ^ 

'0/ ■ ~ 2 

■ the right side la: 7 + (-|-) = ^ + (-|-) 

_ 13 
~ 2 

Hence the truth aet la (7). 

Problem. Set 6-4 
Solve each of the following equatlona. Write your work In 
; the form ahown- for Example 2 above. 

1. X + 5 = 13 

2. (-6) + - = (-8) + X 

3. (-1) +^ - (.3) = 4 + X + (-5) 

4. (x + 2) + X = (-3) + X 

5. , (-2) + X + (-3) = X + (-|) 

6. |x| + (-3) = |-2| +5 

7. (-|) + 1^1 = (4) + (-1) 

8. X + (-3) = + (-3) 

9. (-|) + (x + |-) = X + (x + |) 



6-5. The Additive Inverae 

Two numbera whoae aiun la 0 are related In a very apeclal 
way. For example, what number when added to 3 ylelda the am 0? 
V/hat number when added to -4 ylelda 0? In general. If x and 
y ax'e real nmbera auch that 

X + y = 0, 

we aay that y la an additive Inverae of x. Uhder thla defini- 
tion, la X then alao an additive Inverse of y? 

Now let ua think about any nmber 2 which la an additive 
inverae of, aay, 3. Of covirae we know one aunh number, namedy -3 
for by the addition property of oppo'aites, 3 + (-3) = 0. Can 
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there be any other nxamber z such that 

3 + z « 0? 

All of ovr experience with numbers tells us "No, there is no 
other such ntonber". But how can we be absolutely sure? We 
can settle this questi<OT with the use of our properties of addi- 
tion. Just as we did in Example 1 in the preceding section. If, 
for some number z, 

3 + z « 0 

is a true sentence, then 

(-3) + (3 + z) = (-3) + 0 
is also a true sentence, by the addition property of eq\iality, 
(Why did we add -3?) Ttien, however, 

((-3) + 3) + z =: -3 
is true for the same z by the associative property of addition 
and the 0 property of addition. Tliis finally tells us that 

z = -3 

must also be true; we have, for this last step, \ised the addition 
property of opposites. 

What have we done here? We started out by choosing z as 
any number ^ich is an additive inverse of 3; we fo\and out that 
z had to equal -3; that is, that -3 is not Just an additive 
inverse of 3, but also the only additive inverse of 3. 

IS there anything special about 3? Do you tshlnk 5 has more 
than one additive Inverse? How about (-6.3)? We certainly doubt 
it, and we can show that they do not by the same line of reasoning 
as the above. Can we, however, check all nvanbers? What we need 
is a result for any real number x, a result vrtiich is supposed 
to tell us something like the following: We know that (-x) is 
one additive Inverse of x; we doubt if there is any other, and 
this is how we prove there is none. Let us parallel the reasoning 
we used in the special case in which x = 3, and see if we can 
arrive at the corresponding conclusion. 

Suppose z is any additive Inverse of x, that is, any 
number such that 

X + z = 0. 

What corresponds to the first step in our previous special case? 
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v We use the addition property of equality *o write 
^v^V (-x) + (x + z) = (-x) 0. 

:;We then have that 

^(-x) + x) + Z = -X. 
What are the two reasons we have used in arriving at this la:T: 
sentence? 
Then 

0 + z = -X, , (Why?) 

and finally 

z = -X. (Why?) . 

.We have succeeded in carrying out our program, not Just when 

; X = 3 but for any x. Each nxnnber x ha? a unique (meaning 
"Just one") additive inverse, namely -x. 

you probably have all kinds of qualms and questions at this 

j point, and these are to be expected since this is the first proof 
which you have seen in this course. What we have done is to 
.use facts v^ich we have previously known about all real numbers 

: in order to argue out a new fact about all reiJ ^ixanbSLTS, a icavr 
fact which you certainly expected to be true, bur which never- 
theless took this kind of checking. We shalX do :a number of 
proofs in this covirse, and you wTLl become more .and more accus- 
tomed to this kind of reasoning ss you progress In the meanifc±me, 
let us make one more comment about t^e proof Jus± completed. 
The successive steps we took were of course chosen quite deliber- 
ately in order to make the proof succeed. This might give you 
the Impression that the proof was "rigged", that it couldn't 
come out any other way. Is this fair? Yes, it is., .and in facx 
every proof is "rigged" in the sense that we ^tiake only steps to 
help us towards oixr goal and do not take steps which fail to 
do us any good, \^lhen we started from 

3 + 2 = 0, 

we chose to use the addition property of equality to add (-3); 
we could have added any other nxmber instead, but it wouldn't 
have helped us. And so we didn't add a different' nijmber, but 
added -3. 
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Statements of new facts or properties, vftilch can be shown 
to follow from previously established properties, are frequently 
(but not always!) called "theorems". Thus the property about 
additive inverses obtained above can be stated as a theorem: ' 

Theorem 6- 5a . Any real number x has exactly 
Dne additive inverse, namely -x. 

An argximent by which a theorem is shown to be a consequence of 
other properties is called a proof of the theorem. 



Problem Set 6- 5a 
For each sentence, find its truth set. 

(a) 3 + X = 0 (f ) + y = 0 

(b) ^2) + a = 0 (g) (-(2 + + a = 0 

(c) 3 + 5 + y = 0 (h) 2 + X + (-5) = 0 

(d) X + (-i) = 0 (1) 3 + (-x) = 0 

(e) l-^l + 3 + (-^) + c - 0 

Were you able to use Uieorem 6-5a to save work in solving 
these equations? 



Let us look at another example for this technique of show- 
ing a general property of nximbers. Of cotirse we cannot prove 
a general property of nximbers until we suspect one; let us find 
one to suspect. Recall the picture of addition on the nvanber 
line, or the definition of addition if you prefer, to see that. 

(-3) + (-5) = -(3 + 5). 
Another way of writing that (-3) + (-5) and -(3 + 5) are names 
for the same ntmiber is that 

-(3 + 5) = (-3) + (-5). 
T^is might lead us to suspect that the opposite of the sxim of 
two nximbers is the sum of the opposites. Of course we have 
checked this only for the nvmibers 3 and 5, and it is wise to 

r ^ 
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check a few mox»e cases. Is 

-(2 + 9) = (-2) + (-9)? 

Is 

-(^ + (-2)) = (-4) + (-(.2))? 
(What is another name for ^-(-2)^?) 

.('(-1) + (-4))= 1 + 4? 

Our hunch seems to be true, at least in all the examples we 
have tried. Let us now, instead of checking any more examples 
by arithmetic, state the general property vAiich we hope to prove 
as a theorem. 

Theorem 6-5b. For any real numbers a and b 
-(a + b) = (-a) + (-b). 

Proof. We need to prove that (-a) + (-b) names the same 
number as -(a + b). Let us check that (-a) + (-b) acts like 
the opposite of (a + b). We look at (a + b) + ^(-a) + (•b)^, 
for If this expression Is 0, (-a) + (-b) will be the opposite 
of (a + b). 

(a + b) + ((-a) + (-b)) = a + b + (-a) + (-b) 

= (^a + (-a)) + (b + (-b)) (Why?) 

= 0+0 (Why?) 
= 0 

And so we find that for all real numbers a and b, 

(-a) + (-b) 

Is an additive Inverse of (a + b), and, since there Is only one 
additive Inverse, that 

-(a + b) and (-a) + (-b) 

name the ssune number. 

Problem Set 6-»5b 
1, Which of the following sentences are true for all real ntam- 
bers? Hint: Remember that the opposite of the sum , of two 
numbers Is the sum of their opposltes. 
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(a) -(X + y) = (-x) + (-y) (e) -(a + (-b)) = (-a) + b ;> 

(b) -X = -(-x) (f) (a + (-b)) + (-a) = b^^^:: _ 

(c) -(-x) = X (g) -(x + (-x)) > X + (-x) 

(d) -(x + (-2)) = (-x) +2 

In the following proof supply the reason for each step: 

For all numbers x, y and z, 

(-x) +(y + (-z)) = y + (-(x + zj) . 

(-x) + (y + (-z)) = (-x) + ((-z) + y) 

= (i-x) + (-z)) + y 
= ^(x + z)) + y 
= y + ^-(x + z)y 
Is -(3 + 6 + (-4) + 5) := (-3) + (-6) + 4 + (-5)? What do 
you think Is true for the opposite of the sum of more than 
two nmbers? 

Tell which of the following sentences are true. 

(a) .((-2) + 6 + (-5)) = 2 + (-6) +5 

(b) -^a + (-b) + (-2)) = 3a + b + 2 

(c) -^a + (-b) + (-5c) + .7d) = (-a) + b + 5c + (-.7d) 

(d) -(^x + 2y + (-2a) + (-3b^ = (-|x) + 2y + (-2a) + (-3b) 
Give an argtonent for the conclusion you made for the second 
question In Problem 3. 

Prove the following property of addition: 

For any real nmber a and any real number b 
and any real nvmiber c. 

If a + c = b + c, then a = b. 
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6-6. Summary 

We have defined addition of real numbers as follows: 
The sum of two positive (or 0) numbers Is familiar 

from arithmetic. 
The sum of two negative nmbers is negative; the absolute 
value of this sxim is the sum of the absolute values of 
the nvimbers. 

The sxam of two nunsbers, of vftiich one is positive (or O) 
and the other is negative. Is obtained as follows: 

The absolxite value of the sum Is the difference 
of the absolute values of the numbers. 

The s\im is positive if the positive nximber has the 
greater absolute value. 

The s\im is negative if the negative nmber has the 
greater absoILute value. 

The Bvm is 0 if the positive and negative nimbers 
have the same absolute value. 
We have satisfied oxirselves that the following properties 
hold for addition of real numbers: 

Commutative Property of Addition ; For any two real numbers 
a and b: 

a + b = b + a. 

Associative Property of Addition ; For any real numbers a, 
b, and c, 

(a + b) + c » a + (b + c). 
Addition Property of Opposites : For every real number a, 

a + (-a) « 0. 
Addition Property of 0: For every real number a, 

a + 0 = a. 

Addition Property of Equality ; For any real numbers a, 
b, and c, 

if a = b, then a + c = b + c. 

We have used the addition property of equality to determine 
the truth sets of open sentences. 

We have proved that the additive inverse is \xnique - that Is, 
that each niomber has exactly one additive Inverse, which we call 
Its opposite. 1 
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We have discovered and proved the fact that the oppos;Lte of 
the Bxm of two numbers Is the same as the sum of their opposites 



Review Problems 

1. Find a common name for each of the following: 

(a) 3(8 + (-6)) (d) (-|) + I 

(b) (-3) +2X3 (e) |-6|.|3| + (-3) 

(c) 2x7 + (-1^^) (f) 6(1 + |-4|) 

2. Which of the following sentences are true? 

(a) 3 + (-8) = (-8) + 3 

(b) 1-81 + (-8) = 0 

(c) 6x3-3=0 

(d) (2 + (-3)) + 6 = 2+ ^(-3) + 6) 

(e) 5-31 1-51 - l-3| 

(f) 5(|10 - 7l) < 3 X 3 X 2 

(g) 6-6=6+ (-6) 

3. Show how the properties of addition can be used to explain 
why each of the following sentences is true: 

(a) |+(7 + (-|)) =7 

(b) |-5l + (-.36) + I-.36I = 10 + f 2 + (-7)) 

4. Find the truth set of each of the following: 

(a) I + 32 = X + |_ 

(b) X + 5 + (-x) = 12 + (-x) + (-3) 

(c) X + + X = 10 + X + (-.|) 

(d) 1x1 + 3 = 5 + |x| 

5.. For vhat set of ntanbers is each of the following sentences 
true? 

(a) |3| + |a| > |-3| (c) |3| + |a| < |-3| 

(b) |3| + ia| = |-3| 



1^3 

6. Two numbers are added. What do you know about thei^e numbers if 
(a) their sym is negative? 

: (b) their sum is 0? 

(c) their sum Is positive? " 

7. A salesman earned a basic salary of $8o a week. In addition 

he received a commission of 3^ of his total sales. During 

one week he earned $ll6, Vfhat was the amount of his sales 
for the week? Write an open sentence for this problem. 

8. A figure has four sides. Three of them are 8 feet, 10 feet, 
and 5 feet, respectively. How long is the fourth side? 

(a) Write a compound open sentence for this problem. 

(b) Graph the truth set of the open sentence. 

9. If a, b, and c are nmbers of arithmetic, write each of 
the Indicated sxims as an indicated product, and each of the 
indicated products as an indicated sum: 

(a) (2b + c)a (e) x y + xy 

(b) 2a(b + c) (f) 6a^b + 2ab^ 

(c) 3a + 3b (g) ab(ac + 3b) 

(d) 5x + lOax (h) 3a(a + 2b 3c) 

la Given the set {-5, 0, |-, -.75, 5) 

(a) Is this set closed under the operation of taking the 
opposite of each element of the set? 

(b) Is this set closed under the operation of taking the 
absolute value of each element? 

(c) If a set is closed under the operation of taking the 
opposite, is it closed -under the operation of taking 
the absolute value? Why? 

11. Given the set {-5, 0, |-, 5> 7) 

(a) Is this set closed under the operation of taking the 
absolute value of each element of the set? 

(b) Is this set closed under the operation of taking the 
opposite of each element? 

(c) If a set is closed under the operation of taking the 
absolute value, is it closed under the operation of 
taking the opposite? Why? 
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Two automobiles start from the same city travelling In the 
same direction. Write an open phrase for the time It takes 
the faster car to get m miles ahead of the slower car. If 
the rates of the cars are, 30 m.p.h. and 20 m.p.h. 



Chapter 7 
PROPERTIES OF MULTIPLICATION 



7-1. Multiplication of Real Nvunbgra 

Now let us decide how we should multiply two real numbers to 
obtain another real number. All that we can say at present is that 
we know how to multiply two non-negative numbers • 

Of primary importance here, as in the definition of addition, 
is that we maintain the "structure" of the number system, V/e know 
that if a, b, c are any numbers of arithmetic , then 

ab = ba, 
(ab)c = a(bc) , 
a-1 = a, 
a»0 = 0, 
a(b + c) = ab + ac. 

(What names did we give to these properties of multiplication?) 
Whatever meaning we give to the product of two real numbers, we 
must be sure that it agrees with the products which we already have 
for non-negative real numbers and that the above properties of 
multiplication still hold for all real numbers * 

Consider some possible products: 

(2)(3), (3)(0), (0)(0), (-3)(0), (3)(-2), (-2)(-3). 

(Do these include examples of every case of multiplication of posi- 
tive and negative numbers and zero?) Notice that the first three 
products involve only non-negative nixnabers and are therefore 
already determined: 

(2)(3) = 6, (3)(0) = 0, (0)(0) = (0). 

Now let us try to see what the remaining three products will have 
to be in order to preserve the basic properties of multiplication 
listed above. In the first place, if we want the multiplication 
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property of 0 to hold for all real ntunbers, then we must have 
(-3)(0) = 0, The other two products can be obtained as follows: 

0 = (3)(0) 

0 = (3)(2 + (-2)), by writing 0 = 2 + (-2); (Notice 
^ ^ how this Introduces a negative 
nvunber Into the discussion.) 

0 » (3)(2) + (3)(-2), - if the distributive property is 

to. hold for real numbers; 

0=6+ (3)(-2), since (3)(2) = 6. 

We know from uniqueness of the additive Inverse that the only real 
number which yields 0 when added to 6 is the number -6. 
Therefore, if the properties of numbers are expected to hold, the 
only possible value for (3) (-2) which we can accept is -6. 

Next, we take a similar course to answer the second question. 

0 = (-2)(0) if the. multiplication property of 

0 is to hold for real numbers; 

0 = (-2)(3 + (-3i) , by writing 0 == 3 + (-3); . 

0 = (-2)(3) + (-2)C-3), if the distributive property is to 

hold for real numt)ers; 

0 « (3) (-2) + (-2) (-3) , if the commutative property is to 

hold for real ntimbers; 

0 = (-6) + (-2) (-3), by the previoxis result, which was 

(3)(-2) = -6. 

Now we have to come to a point where (-2) (-3) must be the opposite 
of -6; hence, if we want the properties of multiplication to hold 
for real numbers, then (-2) (-3) must bs 6. 

Let us think of these examples now in terms of absolute value. 

Recall that the product of two positive numbers is a positive 
number. Then what are the values of |3||2| and |-2||-3|? How 
do these compare., respectively, with (3)(2) and (-2)(-3)? Compare 
(-3) (4) and .(|^3||4|); (-5)(-3) and |-5|!-3!; (0)(-2) and |0|h2|. 

This is the hint we needed, ff we wauit the structure of the 
number system to be the same for real ntunbers as it was for the 
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numbers of arithmetic, we must define the product of two real 
nxambers a and b as follows: 

If a and b are both negative or . 

both non-negative, then ab « |a| |b| . 

If one of the numbers a and b Is 
non-negative and the other is negative, 
then ab = -( |a| |b|) . 

It is Important to recognize that |a| and |b| are ntunbers 
of arithmetic for any real numbers a and b; and we already know 
the product |a||b|» (Why?) a?hus, the product |a||b| is a posi- 
tive number, and we obtain the product ab as either |a||b| or 
its opposite. Again we have used only the operations with which 
we are already familiar: multiplying positive numbers or 0, and 
taking opposltes. It will help you to remember the definition by 
completing the sentences: (Supply the words "positive "/'negative", 
or "zero".) 

The product of two positive numbers is a nxomber. 

The product of two negative numbers is a nxamber. 

The product of a negative and a positive number is a 
number. 

The product of a real ntmiber and 0 is . 

Since the product ab is either |a||b| or its opposite and 
since |a|lb| is non-negative, we can state the following property 
of multiplication: 

For any real numbers a, b, 
|ab| = |a||b|. 
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Problem Set 7-1 

Uae the definition of multiplication to calculate the follow 

Ing....- . ..■ 

Examples: (a) (5) (-3) --(|5||-3|) =-15 

(b) (-5)(-3) = (I-5II-3I) = 15 

(c) (-5)(3) = -(|-5||3|) = -15 

(a) (-7)(-8) (d) (-l8)(f) 

(b) (|)(-12) (e) 

(c) j(-3)(2)|(-2) • (f) |-2| ((-3) + |-3|)' 
Calculate the following: 

(a) (f) (.3)(-4) + 7 

(b) ((- •|)(2j) (-5) (g) |-3|(-4)+7 

(c) (-•|)((2)(-5)) (h) |3||-2| + (-6) 

(d) (-3)(-4) + (-3)(7) (i) (-3)|r2| + (.6). _ 

(e) (-3) ((-4) + 7)- (J) (-3)0-21 + (-6)) 

^ ^ (k) (-0.51 (1-1.51 +^(-4.2)) 

Find the values of the following for x = -2, y = 3, a = -4: 

(a) 2x + 7y 

(b) 3(-x) + ((-4)y + 7(-a)) 

(c) X + 2(xa) + a 

(d) (x + a)2 

(e) x2 + (3|a| + (-4)|yj) 

(f) |x + 2| + (-5)I(-3) + al 

Which of the following sentences are true? 

(a) 2x + 8 = 12, for x = -10 

(tj) 2(-y) + 8 = 28, for y = -10 

(c) (-3) r(2)(-x)) +8/20, for x « 2 

(d) (-5) ((-b)(-4) + 30) < 0, for b = 2 

(e) |x + 3| + (-2) (|x + (-4)1) ^ 1, f or X = 2 
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5. Find the truth seta of the following open sentences and draw 
their graphs . 

Example: Find the truth set of (3)(-3) + c = 3(-4). 

If (3) (-3) + c = 3(-4) la true for some c, 

then >9 + c = -12 la true for the aame cj 

(-9 + c) + 9 = -12 +9 la true for the aame cj 

c = -3. j» 

If , c = -3, 

then the left member la (3)(-3) + (-3) = -12, 

and the right member. is 3{'^) = -12. 

Hence, the truth aet la (-3). 

(a) X + (-3)(-4) = 8 . 

(b) 2(-2) + y = 3(-2) 

(c) X + 2 = 3(-6) + (-4)(-8) 

(d) x + (-5)(-6) = (-2)(3) 

(e) X = (-5)(-6) + |.2|(3) 

(f) X > (-4)(-2) + (-5)(2) 

(g) Ix| . (- |)(7) + (-l)(-5) 

6. aiven the aet S = {1, -2, -3, 4}, find the aet P of all 
producta of palra of elementa of S obtained by multiplying 
each element of S by each element of S . 

7. Given the aet R of all real numbera, find the aet Q of all 
producta of palra of elementa of R. la Q the same aet aa 
R? Can you conclude that R la closed under multiplication? 

8. Given the aet N of all negative real nvunbers, find the aet 

T of all producta of palra of elementa of N. la the set of 
negative real numbers cloaed under multiplication? 

9. Given the aet V = {1, -2, -3, '4), find the aet K of all 
positive numbers obtained as producta of palra of elementa 
of V. 

1_0. Prove that the abaolute value of the product ab la the 
product |a|'|b| of the abaolute valuea; that is, 

labi = |a||b|. 
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11, What can you say about two real numbers a and b In each 
of the following cases? 



(a) 


ab 


is 


positive 










(b) 


ab 


is 


negative 










(c) 


ab 


is 


positive 


and 


a 


is 


positive . 


(d) 


ab 


is 


positive 


and 


a 


is 


negative . 


(e) 


ab 


is 


negative 


and 


a 


is 


positive . 


(f) 


ab 




negative 


and 


a 


is 


negative . 



*12. Give the reason for each numbered step in the proof of the 
following theorem. 

Theorem. If a and b are niombers such that both a and 
ab are positive, then b is also positive. 

Proof . We assume that 0 < a and 6 < ab. Then: 

1. Exactly one of the following is time 
b < 0, b = 0, 0 < b. 

2. If b = 0, then ab = 0. 

Therefore, "b'= O" is false, since ab = 0 and 0 < ab 
are contradictory. 

3. If b < 0, then ab = -(|a||b|). 

4. If b < 0, then ab is negative. 

Therefore, "b < O" is false, since ab is negative and 
0 < ab are contradictory. 

Therefore, 0 < b; that is, b is positive,- since this is 
the only remaining possibility. 



7-2. Properties of Multiplication 

The definition of multiplication for real numbers given in the 
preceding section was suggested by the structure properties which 
we wish to preserve for all numbers. On the other hand, we have 
not actually assiamed these properties, since the definition could 
have been given at the outset without any reference to the proper- 
ties. However, now that we have stated a definition for 
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multiplication, it becomes important to satisfy ourselves that this 
definition really leads to the desired properties. In other words, 
we need to prove that multiplication so defined does have the 
properties. Since the definition is stated in terms of operations 
on positive numbers and 0 and of taking opposites, these operations 
are the only ones available to us in the proofs. 

Multiplication property of 1^: For any real number a, 

a*l = a . 

Proof: If a is positive or 0, we know that a(l) = a. 
If a is negative, our definition of multiplication states that 

a.l = -(|a|.l) 

= -Ia| 
= a. 

Try to explain the reason why each step in the above proof is 

true. 

Multiplication property of 0: For any real number a, 

a.O = 0. 

Write out the proof of this property for yourself. 

Commutative property of multiplication : For any real numbers 
a and b , 

ab = ba. 

Proof: If one or both the numbers a, b are zero, then ab= ba. 
(Why?) If a and b are both positive or both negative, then 

ab= I a I I b I , and ba = I b I I a I . 
Since |a| and |b| are numbers of arithmetic, 

|a||b| |b||a|. 

Hence , 

ab = ba 

for these two cases. 
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If one of a and b is positive or 0 and the other is 
negative, then 

ab = -(|a||b|) and ba = -(|b||a|). 

Since 

|a||b| = |b||a|, 
and since if numbers are eqml their opposites are equal, 

-(|a||b|) = -(|b!|a|). 

Hence, 

ab = ba 

for this case also. 

Here we have given a complete proof of the commutative pro- 
perty for all real numbers . We have based this proof on the 
precise definition of multiplication of real numbers. 

ProbP.em Set 7-ga 

1 Apply the properties proved so far to compute the following: 

(a) (-|)((4)(-17)) (0 (-4)((-|)(4).(-|)(-5)) 

(b) (-8)(5-. (.6)(|)) (d) ((4)(-6) + (-8)(-3))(- i5) 

2. Illustrate the proof of the commutative property by replacing 
a and b as follows: 

(a) (-3)(f) Example: (-3)(5) = - (|-3| l5l) 

= -15 

(5)(-3) = - (|5!l-3|) 
= -15 

(b) (3)(-5) (d). (-3)(-4) 

(c) (-f)(0) (e) (-7)(f) 
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Associative property of multiplication : For arv real numbers 
a, b, and c, 

(ab)c = a(bc) • 



Proof: The property must be shown to be true for one negative, 
two negatives, or three negatives. This Is lengthy, but we shall 
be able to simplify It by observing that 

|(ab)c| = |ab| |c| (Why?) 
- |a||b||c| , 

and 

|a(bc)| = |a||bc| 

= |a||b||c| . 

Thus |(ab)c| = |a(bc) | for all real numbers a, b, c. 

This reduces the proof of the associative property of multi- 
plication to the problem of showing that (ab)c and a(bc) are 
either both positive, both zero, or both negative. 

For example. If both (ab)c and a(bc) are negative, then 
|(ab)c| = -(a(bc)) and |a(bc)| = -((ab)c) . Thus -(a(bc)) - - ((ab)c) 
and hence a(bc) (ab)c. 

If one of a, b, c Is zero, then (ab)c = 0 and a(bc) = 0. 
(Why?) Hence, for this case (ab)c = a(bc) . 

If a, b, and c are all different from zero, we need to con- 
sider eight different cases, depending on which numbers are posi- 
tive and which are negative, as shown in the table below. 



If a is 


+ 


+ 


+ 


+ 










and b is 


+ 


+ 






+ 


+ 






and c is 


+ 




+ 




+ 




+ 




then ab is 


















be is 








+ 










(ab)c is 








+ 










a(bc) is 
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One column has been filled in for positive a, and negative b 
and c. In this case, ab is negative and be is positive. Hence 
(ab)cis positive and a(bc) is positive. Therefore (ab)c = a(bc) 
In this case . 

The associative property states that, in multiplying three 
numbers, we may first form the product of any adjacent pair. The 
effect of associativity along with commutativity is to allow us 
to write products of numbers without grouping symbols and to per- 
form the multiplication in any groups and any orders. 

Problem Set 7-2b 

1. Copy the table given above, and complete it. Use it to -check 
the remaining cases and finish the proof. 

2. In each of the following verify that the two nu?nerals name the 
same number. 



3. Explain how the associative and commutative properties c 
be used to perform the following multiplications in the 
easiest manner. 



(a 
(b 
(c 




((-3)(2))(-4) and (-3) ((2) (-4)) 
( ( -3) ( -2)) ( -4) and ( -3) (( -2) ( - ^i-)) 
(^(3) (-2)^(0) and (3)((-2)(0)) 



(d 
(e 
(f 



(a) 



(b) 



(c) 



(-5) (17) (-20) (3) 



(|)(^)(-|) 
(|)(f)(-21) 



(d) 



(e) 



(f) 



(-|)(^)(|)(-|) 
(i)(-19)(-3)(50) 

(-7) (-25) (3) (-4) 
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Another property is one which ties together the operations of 
addition and. multiplication. 

Distributive property . For any real numbers, a, by and c, 

a(b + c) = ab + ac . 

We shall consider only a few examples: 

(5) (2^ (-3^ = ? and (5)(2) + (5)(-3) = ? 

(5) (("2) + {-3) = ? and (5)(-2) + (5)(-3) = ? 
(-5) ^-2) + C-3)) = ? and (-5)(-2) + (-5)(-3) = ? 

The distributive property does hold for all real numbers . It 
could be proved by applying the definitions of multiplication and 
addition to all possible cases, but this is even more tedious than 
the proof of associativity. 

Problem Set 7-2c 

Use the distributive property, if necessary, to perform the indi- 
cated operations with the mlnimiam amount of vork: 

1. (-9)(-92) + (-9)(-8) 4. (-7)(-|) + (-7)(|) 

2. (.63)(6) + (-1.63)(6) 5. (- |) ((-93) + (-7)) 

3. (. |) ((.11) + 6) 6. (-7)(|) + (-5)(|) 



We can use the distributive property to prove another useful 
property of multiplication. 

Theorem 7-2a. For every real niamber a, 

(-l)a = -a. 

To prove this theorem, we must show that (-l)a is the opposite 
of a, that is, that 

-i'^ -r 

a + (-10^ = 0- . 
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Proof: 

a + (-l)a = 1(a) + (-l)a (Why?) 

= (l + (-ij) a (Why?) 
= O.a (Why?) 
= 0. 

Here we have shovm that (-l)a Is additive Inverse of a 
Since we also know that -a Is an additive Inverse of a and 
that the additive Inverse Is unique, we have proved that 

(-l)a = -a. 



Problem Set 7-2d 

Use Theorem 7-2a to prove the following: 

1. For any real numbers a and b, (-a)(b) = -(ab) . 

2. For any real numbers a and b, (-a)(-'b) = ab. 

3. Write the oonunon names for the products: 

(a) (-5)(ab) (d) (-5c)(|d) 

(b) {-2a)(-5c) (e) (|bc)(-6a) 

(c) (3x)(-7y) (f) (-0.5d)(l.2c) 



7-3 . Use of the Multiplication Properties 

We have seen In the above problems that we may now write 

-5a for (-5)a , 
-xy i"or (x)(-y), 
6b for (-6)(-b). 

In fact, 

-ab = -(ab) = (-a)(b) = (a)(-b). 
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Now that we can multiply real numbers and have at our disposal 
the properties of multiplication of real numbers, we have a strong 
basis for dealing with a variety of situations in algebra. 



Problem Set 7-3a 

Use the distributive property to write the following as indi- 
cated sums: 

(a) 3(x + 5) (f) (-l)(y + (-Z) + s) 

(b) (7 + (-k)) a (g) (13 + x)y 

(c) 2(a + b + c) (h) (-8) ((-4) + (-m)) 

(d) (-9)(a + b) (i) (-g)(r + 1 + (-8) + (-tj) 

(e) ((-p) + q)(-3) 

In doing Problem 1, you probably used the property: For amy 
real numbers a and b , 

(-a)(-b) = ab. 

Find the parts of the problem in which you used it. 

Use the distributive property to write the following phrases 
as indicated products: 



(a) 


5a + 5b 




(f) 


(a + b)x + (a + b)y 


(b) 


(-9)b + (. 


-9)c 


(g) 


7(h) 3(h) 


(c) 


12 + 18 




(h) 


(-6)a2 + (-6)b2 


(d) 


3x + 3y + 


3z 


(1) 


ca + cb + c 


(e) 


km + kp 




(J) 


2a + (-2b) 



Apply the distributive and other properties to the following: 
Example ; 3x + 2x = (3 + 2)x = 5x 

(a) 12t + 7t (g) (l.6)b + (2.4)b 

(b) 9a + (-15a) (h) (-5)x + 2x + llx 

(c) (-5)y + l^y (i) 3a + 7y (Carefull) 

(d) 12z + z (Hint: z = l-z) (j) 4p + 3p + 9p 

(e) (-3m) + (-8m) (k) Br + (-l4r) + 6r 

(f) -ga + |a (1) 6a + (-4a) + 5b + l4b 
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In a phrase which has the form of an indicated sum A + B, . 
A and B are called terms of the phrase; in a^ phrase of the fom 
A + B + C, A, B> and G are called terms, etc. The distributive 
property is very helpful in simplifying a phrase. Thus we fovincl 
that 

5a + 8a = (5 + 8)a = 13a 

is a possible and a desirable simplification. However, in 

5x + 8y 

no such simplification is possible. Why? 

We may sometimes be able to apply the distributive property 
to some, but not all, terms of an expression. Thus 

6x + (-.9)x^ + iix^ + 5y = 6x + ({-9) + ii)x^ + 5y = 6x + 2x^ + 5y. 

We shall have frequent occasion to do this kind of simplification. 
For convenience we shall call it collecting terms or combining 
terms . We shall usually do the middle step mentally. Thus 

15w + (-9)w = 6w. 



Problem Set 7-3b 
1. Collect terms in the following phrases: 



(a) 


3x + lOx 


(h) 


^ + |a 


(b) 


(-9) a + (-4a) 


(1) 


5p + 4p + 8p 


(c) 


Ilk + (-2)k 


(J) 


Jx + (-lOx) + 3x 


(d) 


(-27b) + 30b 


M 


12a + 5c + (-2c) + 3c^ 


(e) 


17n + (-l6)n 


U) 


6a + 4b + c 


(f) 


X + 8x (Hint: x = Ix) 


(m) 


9p + 4q + (-3)p + 7q 


(g) 


(-15a) + a 


(n) 


4x + (-2)x2 + (-Sx) + 5x2+1 



2. What other properties of real numbers besides the distributive 
property did you use in Problem 1, parts (f), (g), (k) > and 
(m)? 
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3. Find the truth set of each of the following open sentences, 
. (Where possible, collect terms in each phrase.) 



(a) 


6x + 9x = 30 


■ (f) 


(-3a) + 3a + 


(b) 


(-3a) + (-7a) = 40 


(e) 


X + 2x + 3x i 


(c) 


X + 5x = 3 + 6x 


(h) 


X + 9 = 20 


(d) 


3y + 8y + 9 = -90 


(1) 


2y = y + 1 


(e) 


I4x + (-l4)x = 15 


(J) 


12 = 4y + 2y 



7-^- Further Use of the Multiplication Properties 

We have seen how the distributive property allows us to 
collect terms of a phrase. The properties of multiplication are 
helpful also in certain techniques of algebra related to products 
involving phrases . 

Example 1. "(3x^y) (Tax) " can be more simply written as "21ax'^y." 

Give the reasons for each of the following steps which show this 
is true, 

(3x y)(7ax) = 3'X.x.y.7.a'X 
= 3'7»a»x.X'X"y 
= (3.7)a(x.x.x)y 

= 21ax^y. 

(Notice that we write x*x«x as x . ) 

While in practice we do not write down all these steps, we 
must continue to be aware of how this simplification depends on 
om- basic properties of multiplication, and we should be prepared 
to explain the intervening steps at any time. 
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Problem Set 

Simplify the following expressions and, in Problem 11, write the 
steps which explain the simplification. 



1. 


(-3)(8b) 


8. 


(^bc)(ibcd) 


2. 


(4c)(-3c) 


9. 


(-12pq)(-4pq) 


3. 


(9b) (-8) 


10. 


(20b^c^)(l0bd) 


4. 


(-6y)(-7z) 


11. 


(3ab)(9a2) 


5. 


(-3bc)(-6c) 


12. 


(-7b)(-4a)c 


6. 


(5w^)(-3w) 


13. 


(-2x)(3ax) (-4a) 


7. 


(4y2)(-3ay) 


14. 


(6ab)(-2abc)(-a) 



We can combine the method of the preceding exercises with the 
distributive property to perform multiplications such as the 
following: 

(-3a) (2a + 3b + (-5)c) ^ (-6a^) + (-9ab) + 15ac. 
Furthermore, since we have shown in Section 7-2 that 

-a = (-l)a, 

we may again with the help of the distributive property simplify 
expressions such as 

-(x2 + (-7X) + i-e) = (-l)(x2 + (-7x) + (-6)) 

= (-X ) + 7x + 6. . -\ 
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Problem Set 7- 4b 
/Write in the form indicated in the examples above: 

1. (-3)(c + d) 7. -(P + q + r) 

2. 2(8 + (-3b) + 7b^j 8. (-7)(3a + (-5b )j 
•3; 6x(3y + z) 9. 6xy(2x + 3xy + 4y) 

4. (-3)b^c^(4b + 7c) 10. -(a^ + 2ab + b^) 

5. 5x(x + 6) 11. (-4c) (2a + (-5b) + (-c)j 

6. I0b(2b^ + 7b + (-4)j 12. (-x)(x + (.i)j 



As you will remember from some of the work we did in Chapter 3, 
sometimes the distributive property is uaed several times in one 
example. 

Example l. '{x + 3)(x + 2) = (x + 3)x + (x + 3)2 

== x^ + 3x + 2x + 6 
= x^+(3 + 2)x + 6 
= X + 5x + 6 

Example 2. (a + (-7)) (a + 3)= (a + (-7)] a + (a + (-7)) 3 

= a^ + (-7)a + 3a + (-21) 
= a^ + ((-7) + 3)a + (-21) . 
= a^ + (-4)a + (-21) 

Example 3. (x + y + z)(b +5) = (x + y + z)b + (x + y +z)5 

= bx + by + bz + 5x + 5y + 5z. 



■Problem Set 7 -4c 

Perform the following multiplications . 

(a) (x + 8)(x + 2) (d) (a 

(b) (y + (-3)) (y + (-5)) (e) (x 

(c) (6a + (-5)) (a + (-2)) (f) (y 
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2. Show that for real numbers .a, b, c, d, 

(a + b)(c + d) = ac + (be + ad) + bd, 

(Notice that ac is the product of the first terms, bd is the 
product of the second terms, and (be + ad) is the sum of the 
remaining products. . . 

3. Multiply the following: 

(a) (a + 3)(a + l) (d) (y + (-4))(y2 + (.2y) + l) 

Ih) (2x + 3)(3x + 4) (e) (m + 3)(m+3) 

(c) (a + c)(b + d) (f) (2 + 2)(7 + 2) 

4. Multiply the following: 

(a) (3a + 2)(a + l) (d) (2pq + (-8)) (3pq + 7) 

(b) (x + 5)(4x + 3) (e) (s + (-3y) + (-y^)) ( 2 + ;(-y 

(c) (1 + n)(8 + 5n) (f) (Sy + (-2x))( 3y + (-x)) 



7-5. Multiplicativ e Inverse . ^ 

We found in section 6-4 that every real number has an additive 
inverse. In other words, for every real n\imber there is another 
real number such that the sum of the two n\imbers is 0. Since a 
given real n\imber remains unchanged when 0 is added to it (Why?), 
the number 0 is called the identity element for addition . 

Is there a corresponding notion-of multiplicative inverse for 
real numbers? First, we mtist have an identity element for multi- 
plication. Since a given real number remains unchanged when it 
is multiplied by 1 (Why?), the number 1 is called the identity : 

■ element for multiplication . For a. given real number, is there 

another real nimber such that the product of the two numbers is 1? 

Consider, for example, the number 6. Is there a real r/amber 
whose product with 6 is 1? By experiment or from your knowledge 
of arithmetic, you will probably say that ^ is such a number. 
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because 6-^ = 1. Find a number whose product with -2 is 1. Do 
the same for - ^ and for ^. Before going any further, let us write 
down a precise definition of multiplicative inverse . 



If c and d are real niombers such that 

cd = 1, 

then d is called a multiplicative inverse of c. 

If d is a multiplicative inverse of c, then is c a multi- 
plicative inverse of d? Why? Does every real number have a 
multiplicative Inverse? What is a multiplicative inverse of 0? 

We can observe something of the way these inverses behave by 
looking at them on the number line. On the diagram below, some 
numbers and their inverses under multiplication are Joined by 
double arrows. How can you test to see that these pairs of numbers 
really are multiplicative inverses? Can you visualize the pattern 
of the double arrows If a great many more pairs of these Inverses 
were similarly marked? 




How about the number 0? With what number can 0 be paired? Is 
-there a number b such that 0-b « 1? What can you conclude about 
a multiplicative inverse of 0? 

As you look at the double arrows in the above diagram, you 
may get the impression that the reciprocal of a number must be in 
a form obtained by interchanging humerator and denominator. What 
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about 75? Certainly, J3) ' ^ ^{ v^'V^) = = 1, so that 
and ^ are reciprocals . 
The property toward which we have been working can now be 
stated. It really is a new property of the real numbers, since 
it cannot be derived as a consequence of the properties which we 
have stated up to this point. 

Existence of multiplicative inverses t For 
every real number c different from 0, there 
exists a real number d such that cd - 1. 

That the real numbers actually have this property, if it is 
not already obvious to you, will become clearer as we do more 
problems. It is also obvious from experience that each non-zero 
number has exactly one multiplicative inverse; that is, the multi- 
plicative inverse of a number is unlgue. We shall assume unique- 
ness, although it could be proved from the other properties ,. Just 
as we did for the additive inverse. (See Problem Set 7-8a.) 



Problem Set 7-5 

1. Find the inverses under multiplication of the following numbers: 
3, -i, -3, - 7, ^, - y, -7, -ij^, - 0.i^5, -6.8. 

2. Draw a number line and mark off with double arrows the numbers 

113 

3, -3, - -jj-, 7, and their multiplicative inverses. 

3. Draw a number line and mark off .with double arrows the numbers 

1 13 

3, -3, - -J-, 7, and their additive inverses. How does the 
pattern of double arrows differ from the pattern in Problem 2? 

4. If " b is a multiplicative inverse of a, what values for b 

do we obtain if a is larger than 1? , What values of b do 

we obtain if a is between 0 and 1? What is a multiplicative 

« 

inverse of 1? 
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5* If b is a multiplicative inverse of a, what values for b 
do we get if a is less than -1? If a < 0 and a > -1? 
What is a multiplicative inverse of -1? 

6, For inverses under multiplication, what values of the inverse 
b do you obtain if a is positive? If a is negative? 



7-6. Multiplication Property of Equality 

In the previous chapter, we stated the addition property of 
equality. Can we find a corresponding multiplication property? 
Consider the following statements: 

Since (-2)0) - -6, then ((-2) (3)) (-4) = (-6)(-.4). 
Since (-5) (-3) = 15, then ((-5) (-3)) (^) = (15)(^). 

Notice that "(-2) (3)" and "-6" are different names for the 
same number, and when we multiply (-4) by this niimber we obtain 
"((-2)(3)) (-4)" and "(-6)(-4)" as different names for a new number 

In general, we have tne 

Multiplication property of e quality > For any real 
numbers a, b, and c, if a = b, then ac = be. 



Problem Set 7-6 

1. Explain the statement, "Since (-5) (-3) 15, then 

^(-5)(-3)j (^) = (15) (-j)," in words in the same manner as above 

2. Which of the following statements are true? 



(a) 


If 


2x 


= 6, 


then 


2x(|) 


= 6(^) . 


(b) 


If 




= 9, 


then 




= 9(3). 


(c) 


If 




= 12, 


then 




= 12(4) • 


(d) 


If 




= 16, 


then 


§y(|) 


= 16(|) . 


(0 


If 


24 


" ■jrHl, 


then 


2M|) 


= |'n(-|) • 
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Find the truth set of each of the following sentences. 
Example: Detennine the truth set of = 60, 



If 



-|x = 60 is tnxe for some x. 



then = ^^(t) tiMie for the same.xj 

(Why did we multiply by 

^(-|) X = 24 is true for the same xj 

X = 24. 

If . X = 24, 

then the left member is -^(24) = 60, and the right member is 
60. 

So "-^(24) = 60" is a true sentence, and the truth set is (24) 

(a) 12x = 6 (d) 15 = 5y (g) |z = 1 

(b) 7x = 6 (e) 5 - 5y (h) §z = § 

(c) 6x = 6 (f) 2 = 5y §^ = I 
Determine the truth sets of the following open sentences: 

(a) 7a =35 (e) 5 = ^ 

(b) ix = 5 (f) 3 + X = - I 

(c) 7n = 5 (g) -12 = 3k 

(d) |c -2 (h) 0 =^ 

(a) In the formula V = -gBh, find the value of B if you know 
that V is 84 and h is 7. 

(b) If P = 5, V = 260, and v = 100, use the formula PV = pv 
to find the value of p. 
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7-7 • Solutions of Equations:; 

In the past, you found possible elements of truth sets of 
certain sentences, such as the equation 

3x + 7 = X + 15, 

and then checked these possibilities. Now we are prepared to 

solve such equations by a more general procediore. (To "solve" 
means to find the truth set.) 

First, we know that any value of x for which 

3x + 7 = X + 15 
Is time Is also a ^alue of x for which 

(3x + 7) + ((-X) + (-7)) = (x + 15) + ((•x) + (-7)) 

Is true by the addition prope'rty of equality. The numerals In 
each member of this sentence can be simplified to give 

(sx + (-X)) + (7 + (-7)) = (x + (.x)) + (15 + (-7)) , 

2x = 8. 

Here we added the real number ^(-x) + (-7)^ to each member of the 
sentence and obtained the new sentence "2x = 8." Thxis, each num- 
ber of the truth set of "3x + 7 = x + 15" Is a number of the truth 
set of "2x = 8," because the addition property of equality holds 
for all real ni^mbers • 

Next, we apply the multiplication property of equality to 
obtain 

(■|)(2x) = (|)(8), 
X = 4. 

Thus, each number of the truth set of "2x = 8" Is a number of the 
truth set of "x = if." 

We can now deduce that every solution of "3x + 7 x + 15" 
Is a solution of "x =4." The solution of the latter equation Is 
obviously 4. But are we sure that 4 Is a solution of 

l'/6 
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"3x + 7 = X + 15"? We could easily check that it is, but let us 
use this example to suggest a general procedure. 

The problem is this: We showed that, if x Is a solution 

of 

3x + 7 = X + 15 , 

then X is a solution of 

X = 4. 

What we must now show is that , if x is a solution of 

X = 4, 

then X is a solution of 

3x + 7 = X + 15. 

These two statements are xisually written together as 

X is a fblution of "3x+ 7 = x + 15" if arid only 
if X is a solution of " x = 4." 

One way to show that the second of these statements is true 
is to reverse the steps in the proof of the first, 'laus, if x = 4, 
we multiply by 2 to obtain 

2x = 8. 

(Notice that 2 is the reciprocal of Then we add (x + 7) to 

obtain 

2x + (x + 7) = 8 + (x + 7) , 
3x + 7 = X + 15. 

(Notice that (x + 7) is the opposite of ((-x) + (-7)). Hence, 
every solution of "x= 4" is a solution of "3x + 7 = x + 15." That 
is, the one smd only solution is 4. 
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We say that "x = 4'' and "3x + 7 = x + 15" are 
equivalent sentences in the sense that their 
truth sets are the same. 

What have we learned? If to both members of an equation we 
add a real number or multiply by a non-zero real number-; the new 
sentence obtained is equivalent to the original sentence. This is 
true because these operations are "reversible," Then if we succeed 
in obtaining an equivalent sentence whose solution is obvious, we 
are sure that we have the required truth set without checking . Of 
course, a check: may be desirable to catch mistakes in arithmetic. 

As another example, solve the equation 

5y + 8 = 2y + (-10) . 

This equation is equivalent to 

(5y + 8) H- ((-2y) + (-8)) = (2y + (^10)) + ((-2y) + (-8)) , 
that is, to 

(sy + (-2y)) + (8 + (-8)) = (2y + (-2y)) + ((-10) + (-8)) 

and to 

3y = -18. 

In other words, y is a solution of "5y Q ^ 2y + (-10)" if and 
only if y is a solution of "3y = -I8." The latter sentence is 
equivalent to 

(^)(3y) = (^)(-l8), 

that Is, to 

y = -6. 

Thus y is a solution of "3y = -I8" if and only if y is a solu- 
tion of "y = -6." Hence, all three sentences are equivalent, and 
their truth set is (-6). Here, we were certain that each step was 
reversible without actually doing it. When we solve an equation 
we ask ourselves at each step, "Is this step reversible?" If it 
is, we obtain an equivalent equation. 
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Later, we shall learn how to solve other types of sentences 
by means of applying properties of numbers . To do this we shall 
leai'n more about operations which yield equivalent sentences and 
others which do not. 



Problem Set 7:^_7 

1. For each of the pairs of sentences given below, show how the 
second is obtained from the first. Show if p^ossible how the 
first can be obtained from the second. Which pairs of sen- 
tences are equivalent? 

(a) X + (-3) = 5, X = 8 

(b) -ib = 8, b = 16 

(c) (x + (-2)) = 3, 3(x + (-2))= 9 
.. (d) z + (-7) = -z + 3, 2z = 10 

(e) 6x = 7, (6x)0 = 7-0 

(f) 4y + (-6) = 5y + (-6), 0 = y' 

(g) -3a = -6, a = 2 

(h) 5m + 5 = -m + (-7), 12 = -6m 

(i) X = 3, |x| = |3| 

2. Find the truth set of each of the following equations. 

Example: 

Solve: (-3) + 4x - (-2x) + (-l). 
This sentence is equivalent to 

((-3) + 4x) + (2x + 3) = ((-2x) + i-ljj + (2x + 3), 

6x = 2; 

and this is equivalent to 

^(6x) =^.-2, 

Hence, the truth set is (-j} . 

(a) 2a + 5 = 17 

(b) 4y + 3 = 3y + 5 + y + (-2) 

(c) 12 X + (-6) = 7x + 24 
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(d) 8x + (-3x) + 2 = 7x + 8 (Collect terms first.) 

(e) 62 + 9 + (-^2) =18+22 

(f) 12n + 5n -i- (-4) = 3n + (-4) + 2n 

(g) 15 = 6x + (-8) + 17x 

(h) 5y + 8 « 7y + 3 + (-^)+ 5 

(i) (-6a) + (-4) + 2a = 3 + (-a) 
(j) 0.5 f 1-5X + (-1.5) = 2.5X + 2 

(k) I -f (- -Ic) 4. (. |) = 4c + (-2) + (--Ic) 

(1) 2y (-6) 4« 7y = 8 + (-9y) + (-lo) + l8y 
(m) (x -f l)(x 2) = x(x + 2) + 3 

Translate the following into open sentences and find their 
truth sets, then answer the question in each problem, 

(a) The perimeter of a triangle is 44 inches. ,The second 
side is three inches more than twice the length of the 
third side, and the first side is five inches longer than 
the third side. Find the lengths of the three sides of 
this triangle, 

(b) If an integer and its successor are added, the result Is 
one more than twice that integer. What is the integer? 

(c) The sum of tvv.) consecutive odd integers is 11. V/hat are 
the integers? 

(d) Mr. Johnson bought 30 ft. of wire and later bought 55 more 
feet of the same kind of wire. He f oimd. that he paid 
^4.20 more than his neighbor paid for 25 ft. of the same 
kind of wire at the ssune price. What was the cost per 
foot of the wire? 

(e) Pour times an integer is ten more than twice the successor 
of that integer. What is the integer? 

*(f) In an automobile race, one driver, starting with the first 
group of cars, drove for 5 hours at a certain speed and 
was then 120 miles from the finish line. Another driver, 
who set out with a later heat, had traveled at the same 
rate as the first driver for 3 hours and was 250 miles 
from the finish. How fast were these men driving? 
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(g) Plant A grows two inches each week, and it is now 20 
inches tall. Plant B grows three inches each week, and 
it is now 12 inches tall. How many v/eeks from now will 
they be equally tall? 

(h) A number is increased by 17 and the sum is multiplied by 
3. If the resulting product is 192, what is the number? 

(i) One number is 5 times another and theli* svim is 15 ^ore 
than 4 ti-mes the smaller. What is the smaller number? 

( j) Two quarts of alcohol, are added to the water in a radiator 
and the mixture then contains 20 percent alcohol. How 
many quarts of water are in the radiator? 



7-8. Reciprocals 

We shall find it convenient to use the shorter name 
"reciprocal" for the multiplicative inverr^e, and we represent the 
..reciprocal of a by the symbol . Thus for every a except 0, 
a.i =1. 

You probably noticed that for positive integers the symbol 
we chose for "reciprocal" is the familiar symbol of a fraction. 
Thus, the reciprocal of 5 is ^. This certainly agrees with your 
fo3?mer experience. ^ ^ ^ 

The reciprocal of -|, however, is of -9 ^^jgi 2.5 is -g-^ . 

since ~2~ is the reciprocal of ^, and ■§ x f = 1» follows that 

]_ 1 

and 4 must name the same number; since -^.is the reciprocal of 
^2 1 

-9 and since -9 x (- •^) = 1,_-^ and - ^ must name the same number. 
Since (2.5) (0.4) = 1, OA and must name the same number. We 
shall be in a better position to continue this discussion after we 
consider division of real numbers in a later chapter. 
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Problem Set 7-8a 

1. If the reciprocal of any non-zero niumber a Is represented by 

the symbol "i", represent the reciprocal of: 
a 

(a) 15 (e) I 

(b) -8 (f) 0.3 
• (c) i (g) 

(d) 



S. Write the conunon name for the reciprocal of each niimber 
of Problem 1. In which cases Is It the same as the 
reciprocal written In Problem 1? 

3» Prove the theorem: For each non-zero real niomber a there Is 
only one multiplicative Inverse of a, (Hint: We know there 
Is a multiplicative Inverse of a, namely -i* Assume there Is 
another , say x. Then ax = 1.) 



Why did we exclude 0 from our definition of reciprocals? 
Suppose 0 did have a reciprocal. What could It be? If there 
were a number b which Is the reciprocal of 0, then 0*b = 1. 
What Is the truth set of the sentence 0*b = 1? You should conclude 
that 0 simply cannot have a reciprocal. Here we have an oppor- 
ttinlty to demonstrate, "using a rather simple example a vei*y power- 
ful type of proof. This proof depends on the fact that a given 
sentence is^ either true or it is false, but not both. An asser- 
tion that a given sentence is both true and false is called a 
contradiction . If we reach a contradiction in a chain of correct 
reasoning, then we are forced to admit that the reasoning ic based 
on a falb<^ statement. This is the idea behind the proof of the 
next theorem. 
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Theorem 7-8a. The niimber 0 has no reciprocal. 

Proof: The sentence "O has no reciprocal" is either true or 
false, but not both. Assuming that it is false, that is, assuming 
that 0 does have a reciprocal, we have the following chain of 
reasoning: 

1. There is a real nunjber a Assumption, 
such that 0*a = 1. 

2. O'a = 0 ^ ' • product of 0 

'w'-uoh any real 
number is 0 . 

3. Therefore 0=1, 

Thus we are led to the assertion that "0 = l" is a true sentence. 
But "O == l" is obviously a false sentence, and so we have a con- 
tracliction. Conclusion: Step 1 of the argiament cannot be true. 
Therefore it is false that 0 has a reciprocal; that is, 0 has 
no reciprocal. 

A proof of the above type is called indirect or a proof 
by contradiction or a reductio ad absurdum . 

Mi" should like now to see what we can discover and what we 
can prove about the way reciprocals behave . 

In each of the following setn of nximbers , find the reciprocals. 
What conclusion do you draw about reciprocals on examining the two 
sets? 

I: 12, -g, 150, 0.09, I 

II: -5, - ^> -700, -2.2. - I 

Observation of i^eciprocals on the number line strengthens our 
belief that the following theorem is true. 
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Theorem 7-8b. The reciprocal of a positive niomber is positive, 
and the reciprocal of a negative niomber is negative. 

Proof: We know that a-i- = 1; that is, the product of a non- 

a 

zero niimber and its reciprocal is the positive hiomber 1. Let us 
first assiome that a is positive. Then exactly one of three 
possibilities must be true: 

i< 0, 1= 0, 0 <|. 

We see that if is negative, then a-i is negative, a contradiction 

1 ^1 
of the fact that a-— is positive. Also, if = 0 when a is 

1 

positive, then a'-r- = 0, again a contradiction. This leaves but one 

1 

remaining possibility: — is positive. 

^ 1 
In the same way, we may show that if a is negative, then 

a 

is negative. 

For each of the following niombers, find the reciprocal of the 
niomberj then find the reciprocal of that reciprocal. What conclu- 
sion is suggested? 



-12, 80, - i, 1.6 



Theorem 7-8c. The reciprocal of the reciprocal of a non-zero 
real niomber a is a itself. 

1 

Proof: The reciprocal of the reciprocal of a is "T^. 

^ 1 

Since 1 and a are both reciprocals of — (why?), and since 
"TT a 
a II -I II 

1 t— 
there is e xactly one reciprocal of -r-, it follows that 1 and 
a ^ 

"a" must be names of the same niomber. Hence, 

1 
a 



.184 

[sec. 7-8] 



176 



Problem Set T-Sb 

1. Find the reciprocals of the following ntunbers: 

0.3, -0.3, 0.33, -0.33, 1, -1, ^2, g , + 1> 

2. For what real values of a do the following nximbers have no 
reciprocals? 

a + (-1) , a + 1, a^ + (-1) , a(a + l) , ^ ^ + 1> 



+ 1 

3. Consider the sentence 

(a + (-3)) (a + 1) = a + (-3), 

which has the truth set [0, 3). (Verify this fact.) If both 
members of the sentence are multiplied by the reciprocal of 
a + (-3), that is by ^ + (-3) ' properties of real 

numbers are used (which properties?), we obtain the sentence 

a + 1 = 1. 

For a 3, we have 3 + 1 = 1, and this is clearly a false 
sentence. Why doesn't the new sentence have the same truth 
set as the original sentence? 

4. Write a property of opposites which corresponds to Theorem 7-8b 
Write a property of opposites which corresponds to Theorem 7-Qo 

5. Consider three pairs of numbers: (l) a = 2, b =: 3; 

(2) a 4, b =s -5; (3) a = -4, b = -7. Does the sentence 

i.l hold true in all three cases? 

a b ab ^ 

6. Is the sentence ^ > "true in all three cases of Problem 5? 
Show the numbers and their reciprocals on the number line. 

* 11 

7. Is iu true that if a > b and a, b are positive, then > 



Try this for some particular values of a and b. 

Is it true that if a > b and a, b are negative, 1 
Substitute some particular values of a and b. 
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9. Could you tell iinmediately which reciprocal is greater than 
another if one of the numbers is positive and the other is 
negative? Illustrate on the number line. 
*10. Finish the proof of Theorem 7--8b for the case when a is 
negative . 



In Problem 5 above you showed that for three particular pairs 
of values of a and b, ^-^ =^ "iTB' • words, the product . 

of the reciprocals of these two numbers is the reciprocal of their 
product. How many times would we need to test this sentence for 
particular numbers in order to be sure it is true for all. real 
members except zero? Would 1,000,000 tests be enough? How would 
we know that the sentence would not be false for the 1000,001st 
test? 

We can often reach probable conclusions by observing what 
happens in a number of particular cases. We call this inductive 
reasoning . No matter how many cases we^ observe, inductive reason- 
ing alone cannot assure us that a statement is always true. ^ 

Thus we cannot use Inductive reasoning to prove that — -g- = ^ 
is always true. We can prove it for all non-zero real numbers by 
deductive reasoning as follows. (Remember that in the proof we may 
use only properties which have already been stated.) 

Theorem 7-8d. For any non-zero real numbers a and b, 

a F ^ IF- 

Discussion: Since our object is to prove that ^ is the 

reciprocal of ab, we recall the definition of reciprocal. Then we 
concentrate on the product ab- (—•^) and try to show that it is 1. 

Proof: ab-(i-c-) = a(-i) •b(^) by commutative 

^ ° ^ D associative 

properties 

= 1-1 since x-i = 1 
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Notice how closely the proof of Theorem 7-8d parallels the 
proof that the sum of the opposltes of two numbers is the opposite 
of their sum. Remember how this result was proved; 



(-a) -f (-.b) = - (a + b). 

Problem Set 7-8c 

1. Do the following multiplications, (in these and In future 
problem sets we assume that the values of the variables are 
such that the fractions have meaning.) 



3. Is 8-17 = 0 a true sentence? Why? 

4. If n*50 = 0, what can you say about n? 

5. If p'O = 0, what can you say about p? 

6. If p-q = 0, what can you say about p or q? 

7. If p-q = 0, and we know that p > 10, what can we say about q? 



The Idea suggested by the above exercises will be a very use- 
ful one, especially In finding truth sets of certain equations. 
We are able to prove the following theorem now by using the proper- 
ties of reciprocals . 1 7 ^ 




hence. 




What is the value of 87 x (-9) x 0 x -I x 642? 
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Theorem 7-8e. For real numbers a and ab = 0 if and 

only if a = 0 or b = 0. 

Because of the "if and only if," we really must prove two theorems: 
(1) If a = 0 or b = 0, then at ^ 0; (2) If ab = 0, then 
a = 0 or b =^ 0. 

Proof: If a = 0 or b = 0, then ab = 0 by the multiplica- , 
tion property of 0. Thus, we have proved one part of the theorem. 

To prove the Second part of the theorem, note that either 
a = 0 or a / 0, but not both. If a = 0, the requirement that 
a =: 0 or b = 0 is satisfied. Why? 

If ab = 0 and a, / 0, then there is a reciprocal of a and 



(|)(ab) 


.1.0, 


(Why?) 


(|)(ab) 


= 0, 


(Why?) 


(i.a)b 


= 0, 


(Why?) 


l.b 


= 0, 


(Why?) 


b 


= 0. 





Thus, in this case also the requirement that a = 0 or b = 0 is 
satisfied j hence, we have proved the second part of the theorem. 



Problem Set 7-8d 

1. If (x + (-5)] -7 = 0, what must be true about 7 or + (-5)) ? 
Can 7 be equal to 0? What about x + (-5) thf-n? 

2. Explain how we know that the only value of y which will make 

9xyxl7x3=0 a true sentence is 0. 

1 11 
*3. If a is between p and q, is ~ between ~ and — ? Explain. 
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4. Theorem 7-8e enables us to determine the truth set of an equa- 
tion such as 

(x + (-3)) (x + (-8)) = 0 

without guesswork. "With a = (x + (-3)) and b = (x + (-8)) , 
the theorem tells us that this sentence is equivalent to the 
sentence 

X + (-3) =0 or X -f (-8) = 0. 

From this sentence we read off the truth set as [3, 8). Find 
the truth set of each of' the following equations: 

(a) (x + (-20)) (x + (-100)) = 0 

(b) (x + 6)(x + 9) - 0 

(c) x(x + (-4)) = 0 

(d) (3x + (-5)) f2x + (^1)) = 0 

(e) (x + (.l))(x + (-2))(x + (-3)) = 0 

(f) 2(x -f (4)) (x-f |) = 0 

(g) (3x + (-5))(2x + l) = 0 

(h) . 9|x + (-6)1 = 0 

(i) x(x + 4) = x^ + 8 

5. Prove: If a, b, c are real niombers , and if ac = be and c / 0, 
then a = b. 



7-9 • The Two Basic Operations a the Inverse of a Number Under 
These Operations 

In the last two chapters we have focused our attention on 
addition and multiplication and on the inverses under these two 
operations. These four concepts are basic to the real number sys- 
tem. Addition and multiplication have a number of properties by 
themselves, and one property connects addition with multiplication, 
namely, the distributive property. All our work in algebraic 
simplification rests on these properties and on the various conse- 
quences of them which relate addition, multiplication, opposite, 
and reciprocal. 
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We have pointed out that the distributive property connects 
addition and multiplication. It is instructive to see whether 
some relationship occurs which connects every combination of addi- 
tion j multiplication, opposite, and reciprocal in pairs.. Let us 
write down all possible combinations. 

1. Addition and multiplication: The distributive property, 
a(b + c) = ab + ac. 

2. Addition and opposite: We have proved that 
-(a + b) = (-a) + (-b). 

3. Addition and reciprocal: We find that there Is^ no simple 
relationship connecting + ^ and ^ - ^ In fact, there 
are no real niombers at all for which these two phrases 
represent the same niomber. This unforttinate lack of 
relationship is cor? sr able cause of trouble in algebra 
for students who unthinkingly assiame that these express- 
ions represent the same nuunber. 

Multiplication and opposite: We have proved that 
-(ab) = (-a)(b) ^ (a)(-b). 

5. Multiplication and reciprocal: We have proved that 

aF a*F * 

6. Opposite and reciprocal: "[raTJ" "^a^* 

This last relation is a new one and should be proved. 
The proof may be obtained from (5) above by replacing 
b by -1. The proof is left to the students. (Hint: 
What is the reciprocal of -1?) 

State (1), (2), (^), (5)> (6) in words. Do you see any 
similarity between addition and opposite, on the one hand, and multi- 
plication and reciprocal, on the other, in these properties? 
Explain. 
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Review Problems 

Write a summary of the important ideas in tb^-^ chapter, similar 
to that written at the end of Chapter 6. 

Change to indicated sums: 

(a) 3a (a + (-2)) 

(b) (x + l)(x + 6) 

(c) (a + b)(a + (-b)j 

(d) (m + (-5))^ 

(e) (x + (-i^)) (2x + 3) 

Write each of the following as an indicated product: 

(a) 2£LX + 2ay , 

(b) ac + (-be) + c 

(c) c(a + b)x + (a + b)y 

(d) lOx^ + (-15x) + (-5). 

(e) 9x3 4- 6x2 + (.3x) 

Find the truth set of each o.'' the following equations: 

(a) i^a + 7 =: 2a + 11 

(b) 8x + (-18) = 3x + 17 

(c) Tx + 2 + (-5x) = 3 + 2x + (-1) 

(d) + 2x = (-3) + 3x + 5 

(e) 3x2 + (.2)x = x2 + 2 + 2x2 

Collect tennp; in the following phrases: 

(a) 3a + b + a + (-2b) + kh 

(b) 7x + b + .(-3x) + (-3b) 

(c) 6a + (-7a) + 13.2 + (-5)a + (-8.6) 

(d) |x| + 3|-x| + (-2)|-x| 

Given the set S = (-2, -1, 0, 2) 

(a) Find the set P of all products of the elements of S taken 
3 at a time. (Hint: First find the set of all products 
of pairs of elements. Then find the set of the products 
of each element of this new set with each element of S) 

(b) Find the set R of all sums of elements of S taken 3 at a 
time . 
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For each of the following problems, write an open sentence, 
find its truth set, and answer the question asked in the prob- 
lem. 

(a) Jim and I plan to buy a basketball. Jim is working, so 
he agrees to pay ^2 more than I pay. If the basketball 
costs ft 11, how much does Jim pay? 

(b) The sum of two consecutive odd integers is 4l. Wliat are 
the integers? 

(c) The length of a rectangle is 27 yards more than the width 
The perimeter is 398 yards. Find the length and the 
width. 

(d) Mary and Jim added their grades on a test and found the 
Slim to be 170. They subtracted the grades and Mary's 
grade was l4 points higher than Jim's. What were their 
grades? 

(e) A man worked 4 days on a Job and his son worked half as 
long. The son's daily wage was ^ that of his father* If 
they earned a total of ^96, what were their daily wages? 

(f) In a farmer's yard were some pigs and chickens, and no 
other creatures except the farmer himself. There were, 
in fact, sixteen more chickens than pigs. Observing this 
fact, and further observing that there were 7^ feet in 
the yard, not counting his own, the farmer exclaimed 
happily to himself—for he was a mathematician as well as 
a farmer, and was given to talking to himself — '''Now I can 
tell how many of each kind of creature there are in my 
yard." How many were there? (Hint: Pigs have 4 feet, 
chickens 2 feet.) 

(g) At the target shooting booth at a fair, Montmorency was 
paid 10/ for each time he hit the target, and was charged 
5 / each time he missed. If he lost 25/ at the booth and 
made ten more misses than hits, how many hits did he malce 



Chapter 8 
PROPERTIES OP ORDER 



8-1 • The Order Relation for Real Numbers 

In Chapter 5 we extended the concept of order from the num- 
bers of arithmetic to all real numbers. This was done by using 
the number line, and we agreed that: 

"Is less than," for real numbers, means 
"to the left of" on the real nvamber line. 

If a axxd b are real numbers, then 
"a is less than b" is written "a < b/* 

We speak of the relation "is less than" for real niambers as 
an order relation . It is a binary relation since it expresses 
a relation between two numbers. What are some of the facts which 
we already know about the order relation? What are some of its 
general properties? 

Two basic properties of the order relation for real numbers 
were obtained in Section 5-2, 

Comparison property ; If a is a real 
number, then exactly one of the follow- 
ing is true: 

a < b, a = b, b < a. 

Transitive property : If a, b, c are 
real nxunbers and if a < b and b < c, 
then a < c. 

Another property of order which was obtained In Section 5-3 
connects the order relation with the operation of taking opposites 

If a and b are real numbers suid if 
a < b, then -b < -a. 

You may wonder at this point why we are so careful to avoid 
talking about "greater than". As a matter of fact, the relation 
"is greater than", for v*iich we use the symbol ">", is also an 
order relation. Does this order relation have the comparison 
property aiid the transitive property? Since it does, we actually i 
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have two different (thoiogh very closely connected!) order relations 
for the real numbers, and we have chosen to concentrate our atten- 
tion on "less tham". We could have decided to concentrate on 
"greater than"; but If we are going to study am order relation 
and Its properties, we must not confuse the Issue by shifting 
from one order relation to another In the middle of the discussion. 

Thus we state the last property mentioned above In terms of 
V, but In applying the property we feel free to say, "If a < b, 
then -a > -b". 

In the next two sections we obtain some properties of the 
order relation which Involve the operations of addition and 
multiplication. Such properties are essential if we are to make 
much use of the order relation in algebra. 

Problem Set 8-1 

1. For each pair of numbers, determine their order. 

(a) -h - I , 

(b) -|-7l, -l7l 

(c) c, 1 (Consider the comparison property.) 

2. Continuing Problem 1(c), vrtiat can you say about the order 
of c and 1 if it is known that c > 4? What property 
cf order did you use here? 

3. Decide in each case vrtiether the sentence is true. 

(a) -3 + (-2) < 2 + (-2) 

(b) (-3) + (0) < 2 + 0 

(c) (-3) + 5 < 2 + 5 

(d) (-3) + a < 2 + a 

4. Decide in each case whether the sentence is true. 

(a) (-3)(5) < (2)(5) (c) (-3)(-2) < (2)(.2) 

(b) (-3)(0) < (2)(0) (d) (-3)(a) < (2)(a) (What 1:: the 

truth set of this sentence?) 
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5. Decide in each case whether the sentence is true. 

(a) |4|(3 H- (-2)) < 1-61(2 + (-3)) 

(b) (- |)||| < I- ||(- |) 

(c) (j-21 + (-2)) ((-.4) + (..6]) < -(-3)|-4| 

(d) |(|2| + |-2|) + 3(-|.2| + (-2)) < 0 

6. A given set may be described in many ways. Describe in 
three ways the truth set of 

(a) 3 < 3 + X 

(b) 3 + X < 3 

7. Determine the truth set of 

(a) 3 = 2 + X . 

(b) 3 = (-2) + X 

(c) ^3 = (.4) + X 

(d) TT = 4^ + C 

8. Determine the truth set of 

(a) y < 3 (c) -|y| < 3 

(b) |y| < 3 (d) -y < 3 



8-2, Addition Property of Order 

What is the connection between order of niombers and addition 
of numbers? We shall find a basic property, and from it prove 
other properties which relate order and addition. As before, 
we concentrate on the order relation similar properties can 

be stated for the order relation 

It is helpful to view addition and order on the number line. 
We remember that adding a positive nvmiber means moving to the 
right; adding a negative number means moving to the left. 
Let us fix two points a and b on the number line, 
with a < b. If we add the same number c to a and to 
b, we move to the right of a and of b if c is 
positive, to the left if c is negative . We could think 
of two men walking on the number line carrying a ladder 
between them. At the start the man at a is to the left of 
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the man at b. If they walk c units in either direction, 
the fixed length of the ladder will insure that the man to 
the left will stay to the left. In their new positions the 
man at a + c will still be to the left of the man at b + c. 
Thus, 



Here we have found a fundamental property of order which we 
shall asstjme for all real nxambers. 

Addition Property of Order , If a, b, c 
are real niambers and if a < b, then 
a + c < b + c. 

Illustrate this property for a = -3 and b = - |-, with 
c having, successively, the values -3, ^, 0, -7- Here 
-3 < - |. Is "(-3) + (-3) < |) + (-3)" a true sentence? 
Continue with the other values of c. Phrase the addition 
property of order in words. Is there a corresponding property 
of equality? 

Problem Set 8^2a 

1. By applying the addition properties of order, determine vrtilch 
of the following sentences are true. 



(a) (- |) + 4 < (. ^) + 4 

r6, 



(b) (- |)(|) + (-5) > (- |) + (-5) 

(c) (-5.3) + (-2)(- |) < (-0.4) + I 

(d) (|)(- |) + 2 ^ (- + 2 

Formulate an addition property of order for each of the 
relations ^ , > > 2. ' 

[sec. 8-2] . V 



189 



3. An extension of the order property states that: 

If a, b, d are real nximbers such that 
a' < b and c < d, then a + c < b + d. 
Ihls can be proved in three steps. Olve the reason for 
each step: 

If a < b, then a + c < b + c; 
If c < d, then b + c < b + dj 
hence, 

a + c < b + d, 

4. Find the truth set of each of the following sentences. 
Example: If (- I*) + x < (-5) + ^ Is true for some x, 

then X < (-5) + f- + § true for the same x. 

X < -2 Is true for the same x. 
Thus, if X is a number v*ilch makes the original sentence 
true, then x < -2. If "x < -2" Is true for some x, then 

(- §) + X < (- |-) t (-2) is true for the same x, 

|) + x < 1) + + 3), 

(- |) + X < (-5) +(^3 + (- |)), 

(- |-) + X < (-5) + |- is true for the same x. 

Hence, the truth set is the set of all real nvanbera less 
than -2. 

(a) 3 + X < (-4) (f) (-X) + 4 < (.3) + |-3| 



(c) 2x < (-5) + X 

(d) 3x > 4 + 2x 



(h) (-2) + 2x < (-3) + 3x + 5 



(e) |) + 2x ^ 



^ 5 (1) (-|) +f 



+ X 



5. Graph the truth sets of parts (a), (c), and (h) of Problem ^. 
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6. In Chapter 5 the following property of order was stated: 
"If a < b, then -b < -a." Prove this property, using the 
addition property of order. (Hint: Add ((-a) + (-bj) to 
both members of the inequality a < b; then use property 
of additive inverses.) 

^^7. Show that the property: 

"If 0 < y, then x < x + y. " 
is a special case of the addition property of order. 
(Hint: In the statement of the addition property of order, 
let a = 0, b = y, c = x.) 



Many results about order can be proved as consequences of 
the addition property of order. Two of these are of special 
interest to us, because they give direct translations back and 
forth between statements about order and statements about equality. 

The first of these resiats will be a special case of the 
property. Let us consider a few numerical examples of the pro- 
perty with a « 0. If a = 0, then "a < b" becomes "0 < b"; 
that is, b is a positive number. Ttuxs, we may write: If 0 < b, 
then c + 0 < c + b. 

Let a = 0, b = 3 and c = 4; then 4 + 0 < 4 + 3; 

that is, since 7=^ + 3, then 4 < 7. 
Let a = 0, b = 5 and c = -4; then (-4) + o'< (-4) + 5} 
that is, since 1 = (-4) + 5, then -4 < 1. 

These two examples can be thought of as saying: 

Since 7=4+3 and 3 is a positive number, thpn 

4 < 7. 

Since 1 « (-4) + 5 and 5 is a positive number, then 

-4 < 1. 

TJiis result we state as 

Theorem 8-2a . If z « x + y and y is 
a positive number, then x < z. 
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Proof. We may change the addition property of order to read: 

If a < b, then c + a < c + b. (V/hy?) 

Since the property is true for all real nmbers a, b, c, we 
may let a = 0, b = y, c « x. Thus, 

if 0 < y, then x + 0 < x + y. 

If z = X + y, then "x + 0 < x + y" means "x < z". Hence we 
have proved that if z « x + y and 0 < y (y ^is positive) 
then X < z. 

Uieorem 8-2a now gives us a translation from a statement 
about eqviality, such as 

= (-6) + 2, 

to a statement about order, in this case 

-6 < -4. 

Notice that adding 2, a positive number, to (-6) yields a number 
to the right of -6. 

Change the sentence 

4 = (-2) +6 

to a sentence involving oi^der. 

The second result of the addition property is a theorem 
vAiich translates from order to equality, instead of from equality 
to order, as Theorem 8-2a does. You have seen that if y is 
positive and x is any number, then x is always less than 
X + y. If x < z, then does there exist a positive number y 
such that z = X + y? Consider, for exanqple, the numbers 5 and 
7 and note that 5 < 7. What is the number y such that 

7 = 5 + y? 

How did you determine y? Did you find y to be positive? 
Consider the numbers -3 and -6, noting that -6 < -3. What is 
the truth set of 
^ -3 = -6 + y? 

Is y again positive? 
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4 < 9, 9 - ^ + ( ) ' 

-3 < 5, 5 = (-3) + ( ) 

U < -1 .1 = (.4) + ( ) 

^6 < 0 0 = (-6) + ( .) 

Vlhat kind of number makes each of the above equations true? 
In each case you added a positive number to the smaller n\mber 
to get the greater. 

By this time you see that the theorem we have in mind is 

Theorem 8-2b > If x and z are two real 
nxjmbers such that x < z, then there is a 
positive real nxamber y such that 
z = X + y, 

* Proof , There are really two things to be proved. First, 
we must find a value of y such that z = x + yj second, we 
must prove that the y we found is positive , if x < z. 

It is not hard to find a value of y such that z = x + y. 
Your experience with solving equations probably stjggests adding 
(-x) to both members of "z = x + y" to obtain y = z + (-x). 
Let us try this value of y. Let 

y = z + (-x) . 

Then 

x + y = xH-(zH- (-x)) (Why?) 

=r (x + (-x)) H- z (Why?) 

= 0 + z 
X + y = z 

Thus , we have fovind a y, namely z + (-x), such that z = x + y. 

It remains to show that if x < z, then this y is positive. 
We know there is exactly one true sentence among these: y is. 
negative, y is zero, y is positive. (Why?) If we can show ' 
that two of these possibilities are false, the third must be true. 
Try the first possibility: If it were true that y is negative 
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and 2 X + y, then the addition property of order woulcl assert 
that 2 < X. (Let a = y, b = 0, c x. ) But this contradicts 
the fact that x < 2; so it cannot be true that y is negative. 
Try the second possibility: If It were true that y is 2ero 
and 2 = X + y, then it would be true that 2 = x. This again 
contradicts the fact thx^ 2 < x; so it cannot be true that y 
is 2ero. Hence, we are left with only one possibility, y is 
positive , which must be true. This completes the proof. 

Theorem 8-2b allows us to translate from a sentence involv- 
ing order to one involving equality. Thus, 

-5 < -2 

can be replaced by 

-2 = (.5) + 3, 

which gives the same "order information" about -5 and -2. That 
is, there is a positive number, 3, which when added to the lesser, 
-5^ yields the greater, -2. 

Problem Set 8-2b 

1. For each pair of numbers, determine their order and find 
the positive number b which when added to the smaller 
gives the larger. 

(e) "25^ and -345 

(f ) - 3| and . § 

(g) 1.47 and -0.21 

(h) (. |)(^) and (|)(- ^) 

2. Show that the following is a true statement: If a and c 

are real numbers and if c < a, then there is a negative 

real number b such that c = a + b. (Hint: Follow the 

. '. ■■ . 

similar discussion for b positive.} 

3. Which of the following sentences are true for all real 
values of the variables? 
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(a) -15 and -24 

(b) ^ and - I 

(c) I and 

(d) - I and ^ 



(a) If a + 1 = b, then a < b. 

(b) If a + (-1) = b, then a < b. 

(c) If (a + c) + 2 = (b + c), then a + c < b + c. 

(d) If (a + c) + (-2) = (b + c), then b + c < a + c. 

(e) If a < -2, then there is a positive number d such 
that -2 = a + d. 

(f ) If -2 < a, then there Is a positive number d such 
that a = (-2) + d. 

(a) Use 5 + 8 = 13 to suggest two true sentences Involving 

relating pairs of the numbers 5, 8> 13- 

(b) Since (-3) + 2 = (-1), how many true sentences Involving 

can you write using pairs of these three nvunbers? 

(c) If 5 < 7, write two true sentences Involving relating 
the ntjmbers 5> 7- 

Show on the number line that If a and c are real nmbers 
and If b Is a negative mjimber such that c = a + b, then 
c < a. 

Which of the following sentences are true for all values 
of the varlabloo? 

(a) If b < 0, then 3 + b < b. 

(b) If b < 0, then 3 + b < 3. 

(c) If X < 2, then 2x < 4. 

Verify that each of the following Is true. 

(a) |3 + 4| ^ 13| + |4| 

(b) |(.3) + 4| ^ |-3| + |4| 

(c) |(.3) -f (-4)1 1 |-3| |-4| 

(d) ~ State a general property relating |a b|, !a| and |b | 

for any real numbers a and b. 

What general property can be stated for multiplication 
similar to the property for addition In Problem 7? 

Translate the following into open sentences and find their 
truth sets. 

(a) The s\m of a number and. 5 is less than twice the nvimber. 
What is the nimiber? • 
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(b) When Jo^ and Moe were planning to bviy a sailboat, they 
asked a salesman about the cost of a new type of a 
boat that was being designed. The salesman replied, 
"It won't cost more than $380. " If Joe and Moe had 
agreed that Joe was to contribute $130 more than Moe 
vfhen the boat was purchased, how much would Moe have 
to pay? 

(c) Three more than six times a nixmber is greater than 
seven increased by five times the number. What is 
the number? 

(d) A teacher says, "If I had twice as many students in 
my class as I do have, I would have at least 26 more 
thsm I now have." How many students does he have in 
his class? 

*(e) A student has test grades of 82 and 91. What must he 

score on a third test to have an average of 90 or higher? 

*(f ) Bill is 5 years older than Normarv and the sum of their 
ages is less than 23. How old is Norman? 



8-3. Multiplication Property of Order 

In the preceding section we stated a basic property giving 
the order of a + c and b + c when a < b. Let us now ask 
about the order of the products ac and be v;hen a < b. 

Consider the true sentence 

5 < 8. 

If each of these numbers is multiplied by 2, the products are 
involved in the true sentence 

(5)(2) < (8)(2). 

What is your conclusion about a multiplication property of order? 
Before making a decision, let us try more examples. Just as 
above, where we took the two numbers 5 and 8 in the true sentence 
"5 < 8" and inserted them In "( )(2) < ( )(2)"^to make a true 
sentence, do the same in the following. 

203 
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1. 


7 


< 


10 


ana 


( < ( 




2. 


~9 


< 


6 


and 


( )(5) < ( 


)( / 


3. 


2 


< 


3 


and 


( )(-^) < ( 


){-^) 


h. 


-7 


< 


-2 


and 


( )(2) < ( 


)(2) 


5. 


-1 


< 


8 


and 


( )(-3) < ( 


)(-3) 


6. 


-5 


< 


-4 


and 


( )(-6) < ( 


)(-6) 



We are concerned here with the order relation observing 
the pattern when each of the niombers in the statement "a < b" 
is multiplied by the same niomber. Did you notice that .it makes 
a difference whether we multiply by a positive number or a 
. negative number? 

Ihe above experience suggests that if a < b, then 

ac < be, p rovided c is a positive number; 
be ,< ac, provided c is^ a negative number. 

Thus we have found another importsuit set of properties of 
order. 

How can you use these properties to tall quickly vrfiether the 
following, sentences are true? 

Since ^ < jr then ^ < 

^ 1 U . l4 5 
Since - § < - then 51 < I^- 

Since 3- < ^> then - < - 
These properties of order txirn out to be consequences of 
the other properties of order, and we state them "together as 

Theorem 8-3a . Multiplication Property of 
Order . If a, b, and c are real numbers 
and if a < b, then 

ac < be, if c is positive, 
; be < ac, if c is negative. 

Proof. There are two eases. Let us consider the case of 
positive e. Here we must prove that if a < b, then ac < be. 

; • [sec. 8-3] 
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You fill in the reason for each step of the proof, 

1. There is a positive number d such that b « a + d. 

2, Therefore, be = (a + d)c. 



in the problems. 

We covdd equally well have discussed the multiplication 
property of the order relation "is greater than" instead of 
"is less than". 

When we are comparing numbers ^ the two statements "a < b" 
and "b > a" say the same thing about a and b. TSius, when 
we are concerned primarily with numbers rather than a particvdar 
order relation, it may be convenient to shift from one order 
relation to another and write such sentences as: 



Verify that these sentences are true. 

When we are focusing on the numbers involved Instead of on 
an order relation, we can say that 



Proof • If X / 0, then either x is negative or x is 
positive, but not both. If x is positive, then 

X > 0, 



3, be « ac + dc 

4, Ttie nvmiber dc is positive, 

5, Hence, ac < be. 



The proof of the case f or negatlv 



(;o the student 



Since 3 < 5, then 3(-2) > 5(-2). 
Since -2 > -5, then (-2) (8) > (-5) (8), 
Since 3 > 2, then (3)("7) < (2)(-7). 




Theorem 8-3b . If x 0, then x > 0, 



(x)(x) > (6)(x), 



(Why?) 



x^ > 0. 
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If X Is negative, then 

X < 0, 

(x)(x) > (0)(x), (Why?) 
x^ > 0. 

In either case, the result Is the desired one. 

Theorem 8-.3b states that the square of a ^ zero number 

2 

Is positive. What can be said about x fov any x? 

OSie properties of order can be used to .advantage In finding 
truth sets of Inequalities. For example, let us find the truth 
set of 

(-3x) + 2 < 5x + (-6). 

By the addition property of order we may add (-2) + (-5x) to 
both members of this Inequality to obtain 

((-.3X) + 2) -f ({^2) + (^5x)) < (sx + (^6)) + ({^2) + (-5xj), 

which when simplified is* 

-8x < -8. 

Since ^(-2) + (-5xj^ is a real number for every value of x, 
the new sentence has the same truth set as the original. 
(What mubt we add to the members of "-8x < -8" to obtain the 
original sentence, that is, to reverse the step?) 
Then, by the multiplication property of order. 

,(-8)(^ ^) < (^8x)(. |) 

1 < X 

Here we multiplied by a non-zera^real number. Thus, this sen- 
tence is equivalent to the former sentence. (What must we 
multiply the members of "1 < x*' by. to obtain the former sentence?) 
Obviously, the truth set of "1 < x" is the set of all numbers 
greater than 1, and this is the truth set of the original in- 
equality. 
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Problem Set 8^3 

1. Solve each of the following inequalities, using the form 
of the following example. (Recall that to "solve" a sen- 
tence is to find its truth set. ) 
Example: (-3x) + 4 < -5* 

This sentence is equivalent to 

-3x < (^5) + (-4), (add (-4) to both members) 

-3x < -9, 

which is equival 

(- ^)(-9) < (- ^ ' (mxiltlply both members by (- |.)) 

3 < X. 

Thus, the truth set consists of all ntunbers greater than 3. 

(a) (-2x) + 3 < -5 

(b) (-2) + (-4x) > -6 

(c) (-4) + 7 < (-2x) + (-5) 

(d) 5 + (-2x) < 4x + (-3) 

(e) (|) +(-§)< (- J) + (-3x) 

(f ) |x + (-2) < (-5) + |x 

(g) 2x < 3 + I-2II- ^! 

(h) (-2) + 5 + (-3x) < 4x + 7 + (-2x) 

(i) -(2 + x) < 3 + (-7) 

2* Graph the truth sets of parts (a) and (b) of Problem 1. 

3. Translate the following into open sentences and solve. 

(a) Sue has l6 more books than Sally. Together they have 
more than 28 books. How many books does Sally have? 

(b) If a certain variety of bulbs are planted, less than 

4 of them will grow into plants. If, however, the 

3 

bulbs are given proper care more than of them will 
grow. If a careftil gardener has 15 plants, how many 
bulbs did he plant? it\^:\:- 
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4. Prove that if a < b and c is a negative number, then 
be < ac. Hint: Ttieve Is a negative number e such that 
a = b + e. Therefore, ac = be + ec. What kind of nvunber 
Is ee? Henee, what Is the order of ae and be? 

^^5. If e Is a negative number, then c < 0. By taking opposltes, 
0 < (-e). Slnee (-e) Is a positive number, we may prove 
the theorem of Problem h by noting that If a < b, then 
a(-e) < b(-e)j I.e., -(ae) < -(be). Why does the eonelu- 
slon then follow? 

6. If a < b a iid b are both posltlv real numbers, 
prove thuo g < Hint: Multiply the Inequality a < b 
by (^•^)* Demonstrate the theorem on the nvunber line, 

7. Does the relation ^ < ^ hold If a < b and both a and 
b are negative? Prove It or disprove It. 

8. Does the relation ^ < ^ hold If a < b and a < 0 and 
b > 0? Prove or disprove. 

9. State the addition and multiplication properties of the 
order ">". 

10. prove: If 0 < a < b, then a^ < b^. Hlnt?j properties 

o 2 
of order CD obtain a < ab and ab < b . 



8-4. The Frmiamental Properties of Real Numbers 

In this and the preceding three chapters, we h. /e been deal- 
ing with two main problems. The first problem was to extend 
the order relation and the operations of addition and multipli- 
cation from the nxambers of arithmetic to all real numbers. Uhtll 
this was done we really did not have the real number system to 
work with, Ttxe second problem was to discover and state care- 
fully the fuECTmental properttes of the real numtJ€>r system. 
The two prtablems, as we have been forced to deal ^th them, are 
closely mi^twlned. In this section we shall separate out the 
most ±nq5or:2E2i* problem, the second one, by summarizing the fiinda- 
mental prowttrsles which have Veen obtained. 
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Before continuing, we sho\ild admit that the decision as to 
vrfiat i3^ a fundamental property is not made because of strict 
mathematical reasons but is to a large extent a matter of con- 
venience gmd common agreement. We tend to think of the real 
number system and its many properties as a "structiare" built 
upon a foundation consisting of fundamental properties. This 
is the way you should begin to think of the real number system. 
A good question, which can now be answered more precisely than 
before, is: What is_ the real number system? 

Ihe real number system is a set .of elements for which 
binary operations of adriition, and multiplication, 

along with an order relation, "<", are given with the following 
Properties, 



1. For any real numbers a and b, 
a + b is a real number. 

2. For any real numbers a and b, 

a If b - b + 3-, 

3. For i-ty :reaL numbers a, b, and c, 

(a - b ^ c = a + ( b + c ) . 
^. Thers is ^ special real number 0 
such :tei?rr,.. for any real number a, 
■a 4f 0 = a. 
5* For eveay real ntimber a there is 
a raal xirumber -a such that 
a + (--a) = 0. 

6. For taay re3il numbers a and b, 
a*b i« a real ntimber. 

7. For ^nry real ntimbers a and b, 

n*b - b*a. 

8. For ^^r/ il ntimbers a, b, and c, 

(a^bj-c = a* (b.c). 

9. Thei^i IX, a special real niamber 1 
such thsz, for any real number a, 

1, = a. 



(Closure) 

( Commutativity ) 

(Associativity) 

(Identity element) 

(Inverses) 

(Closure) 

( Commutativity) 

(Associativity) 

(Identity element) 
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10. For any real niamber a 



different 

from 0, there Is a real nianber ^ 
such that 



a.(i) := 1. 
^a' 

11. For any real numbers a, b, and c, 

a» (b + c) = a-b + a-c. 

12. For any real numbers a and b, 
exactly one of the following Is 
true: a < b, a = b, b < a. 

13. For any real numbers a, b, and c. 
If a < b and b < c, then a < c. 

1^. For etny real numbers a, b, and c. 

If a < b, then a + c < b + c. 
15. For any real numbers a, b, and c. 
If a < b and 0 < c, then 

a* c < c. 
If a < b and c < 0, then 
b. c < a*c. 



(Inverse?) 
(Distrlbutlvlty) 

(Comparison) 
(Transitivity) 
(Addition- property) 



(Miiltiplication 
property) 



You have probably noticed that there are several familiar 
and useful properties which we have* failed to mention. This 
is not an oversight. The reasons for omitting them is that 
they can be proved from the properties listed here. In fact, 
by adding Just one new property, we could obtain a list of 
properties from which everything about the real numbers could 
be proved. We shall not consider this additional property 
since that would take us beyond the limits of this course. You 
will see it in a later course. 

Practically all of the algebra in this course can be based 
on the above list of properties. It is by means of proofs that 
we bridge the gap between these basic properties and all of the 
many ideas and theorems which grow out of them. The chains of 
reasoning involved in proofs are what hold together the whole 
structxire of mathematics — or of any logical system. 
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Thus, If we are going to appreciate fully what mathematics 
is like, we should begin to examine how Ideas are linked In 
these chains of reasoning — we should do some -proving and not 
.always be satisfied with a plausible explanation. It is time 
that some of the statements we have proved seem very obvious, 
and you might wonder, quite Justifiably, v*iy we shoxild bother 
to prove them. As we progress ftu?ther in mathematics, there 
>_will be more ideas which are not at all obvious and which are 
■ established only "through proofs. During the more elementary 
stages of our training we need the experience of seeing some 
■:■ Simple proofs and developing gradually some feeling for the 
chain of reasoning on which the whole structure of mathematics 
depends. This is our reason for looking closely at proofs of 
some rather obvious statements. 

The ability to discover a method for proving a theorem is 
something ^Ich does not develop overnight. It comes with 
seeing a variety of different proofs, by learning to look for 
conne ting links between something you know and something you 
want 0 prove, by thinking about the suggestions which are given 
to lead you into a proof* On the other hand, the kind of think- 
ing required ^is not used only in mathematics but is Involved 
in all logical reasoning. 

Let us now retvirn to the fundamental properties of real num- 
bers and summarize a few of the other properties which can be ^ 
proved from those given above. Some of these were proved in 
the text and some were included in exercises. 

Any real number x has Just one additi^ 
inverse, namely -x. 

For any real numbers a and b, 

.(a 4- b) = (-a) + (-b). 

For real numbers a, b, and c, if a + c = b + c, 
then a = b. 

For any real number a, a»0 » 0. 

For any real niamber a, (-l)a = -a» 
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19. 
20. 
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21. For any real nximbers a and b, {-a)b = -(ab) 
and (-a)(-b) = ab. 

22. The opposite of the opposite of a real nvunber 
a Is a. 

23. Any real niomber x different from 0 has 
Just one multiplicative inverse, namely ^. 

24. The number 0 has no reciprocal. 

25. The reciprocal of a positive nximber iP noHiir-iire^ 
and the reciprocal of a negative number lu 
negative. 

26. The reciprocal of the reciprocal of,, a non-zero 
real number a J.s a. ■ - 

27. For any non-zero real numbers a and b, 

11^1 
a • I; aF" 

28. For real numbers a and b, ab «= 0 if and only 
if a = 0 or b = 0. 

29. For real numbers a, b, and c with c ^ 0, if 
ac = be, then a = b. 

30. For any real Jiumbers a and b, if a < b, then 
-b < -a. 

31. 'if a and b are real number: such that a < b, 

then there is a xrositive number c such that 
b = a -f c. 

32. If X ^ 0, then > 0. 

33. If 0 < a < b, then ^ < 

34. If 0 < a < b, then a^ < b^. 



You may have noticed that we gave a proof of the multiplication 
property of order in Section 8-3. In fact, thia property (No. 15 
in the list) follows from the other l4 fundamental properties. 
Therefore it could have been omitted from the list without limit- 
ing in any way-its scope. However, we have included the property 
in order to emphasize the parallel between the properties of add- 
ition and the xiroperties of multiplication. 
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You may have noticed also that nowhere In the above discussion 
of fundamenical properties Is there any mention of absolute values. 
This Important concept can be brought Into the framework of the 
basic properties by the definition: 

If 0 ^ a, then |a| = a. 
If a < 0, then |a| « -a. 

We close this sxxmmary with a mention of some properties of 
a rather different kind, namely the propert^s of equality . 
These are properties of the language of al^gjra rather than 
properties of real numbers. Recall that ths^ sentence "a = b", 
where "a" and "b" are numerals, asserts thai: "a" and "b" name 
the same number. The first two properties of equality which 
we list have not been stated before but have actually been used 



many times. 


In 


the 


following, a, b, and c 


are any real numbers. 


. 35. 


If 


a = 


b, then b = a. 


(Symmetry) 


36. 


If 


a = 


b and b c, then a = 


c. (Transitivity) 


37. 


If 


a = 


b, then a + c = b + c. 


(Addition property) 


38. 


If 


a = 


b, then ac = be. 


(Multiplication 
property) 


39. 


If 


a = 


b, then -a = -b. 




40. 


If 


a = 


b, then |a| = |b|. 
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Review Problems 
For each patr ors, determine the ordet*. 

(a) -100, - (d) ^, I 

(b) 0.2,-0.1 (e) 3-4+ (-4), 3^4+ (-4)^ 

(c) I-3|, |-7l (f) x2 + 1, 0 

If p > 0 and n < 0^ determine which sentences are time 
and which are false. 

(a) If 5 > 3, then 5n < 3n. 

(b) If a > 0, then ap < 0. 

(c) If 3x > X, then 3px > px. 

(d) If (~)x > 1, then x > n. 

(e) If p > n, then ^ < ^. 

(f ) If > I and i > 0, then p < x and x > 0. 

Which of the following pairs of sentences are equivalent? 

(a) 3a > 2, (-3)a > (-2) 

(b) 3x > 2 + X, 2x > 2 

(c) I 3y + 5 = y + (-!)» 2y = (-6) 

(d) -X < 3, X > (-3) 

(e) -p + 5 < P + (-1), 6 > 2p 

(f) ^ < ._|- and m > 0, m < 2 

If p > 0 and n < 0, determine which represent positive 
nmbers, vrtiich represent negative numbers. 

(a) -n (d) pn 

(b) n2 (e) (-P + (-n))2 

(c) -r? (f) In| 
Solve each of the following ineqvialities. 

(a) -X > 5 (d) M) + (-X) > 3x + 8 

(b) (-1) + 2y < 3y (e) b + b + 5 + 2b + 12 ^ 38l 

(c) (- |)z < 3 (f) x(x + 1) < X 
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6. iflnd the truth set of each of the following sentences, 
(a) i < I and x > 0 (d) (i)^ > 0 and x 0 

- (b) i = I (e) 0 ^2x < 180 

(c) < |- and X < 0 (f ) x^ + 1 = 0 

7. If the domain of the variable is the set of integers find 
the truth sets of the following sentences. 

(a) 3x + 2x = 10 

(b) X + (-1) = 3x + 1 

(c) 2x + 1 = -3x + (-9) 

8. Solve the following equations. 

(a) 3x = 5 (d) 7y + 3 = y + (-3) 

(b) 3 + X = 5 , (e) 3x = 7x + (-2)x 

(c) 2n + n + (-2) = 0 (f) 3q + (-q) + 5 + q = (-2) 

9. Solve the following equations. 

(a) 3(x + 5) = (x + 3) + X 

(b) x(x -h 3) = (x + (-4)) (x + 3) 

(c) .|y + (- ^) = (- |)y + (- |) 

(d) a^ = a(a + 1) 

(e) (x + 2)(x + 3) = x(x + 5) + 6 

(f) 2q^ + 2q + q^ = (3q + 5)(q + l) 

la The length of a rectangle is known to be greater than or 

equal to 6 vinits and less than 7 units. The width is known 
to be 4 units. Find the area of the rectangle. 
31. The length of a rectangle is knovm to be greater than or 

equal to 6 units and less than 7 units. Hie width is knovm 
to be greater than or eqvial to 4 units and less than 5 units. 
Find the area of the rectajigle. 

*L2. The length of a rectangle is known to be greater than or 
equal to 6.15 inches and less than 6.25 inches. The width 
is known to be greater than or equal to 4.15 inches and 
less than h.25 inches. Find- j?he area of the rectangle. 
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(d) 2(x + (-3)) =5 

(e) 3x + 5 < 2x + 3 

(f ) (|) + (-X) > (- |) + (-2X) 
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13, (a) A certain variety of corn plant yields 2^0 seeds per 

plant. Not all the seeds will grow into, new plants 

3 S 

when planted. Between ^ and ^ of the seeds will pro- 
duce new plants. Each new plant will also yield 24o 
seeds. Prom a single corn plant whose seeds are har- 
vested in i960, how many seeds can be expected in 1961? 

(b) Suppose instead that a corn plant did not yield exactly 
2^0 seeds, but between 230 and 250 seeds. Under this 
condition how many seeds can be expected in I961 from 
the 24o seeds planted at the beginning of the season? 
ih. Write open sentences and find the solution to each of the 

questions vfliich follow. 

(a) A square and an equilateral triangle have equal peri- 
meters, A side* of the triangle is 3.5 inches longer , 
than a side of the square.. What is the length of the 
side of the square? 

(b) A boat traveling downstream goes 10 miles per hour 
faster than the rate of the current. Its velocity 
downstream is not more than 25 miles per hour. What 
is the rate of the cxirrent? 

(c) Mary has typing to do which will take her at least 3 
hours. If she starts at 1 P,M, and must finish by 

6 P,M., how much time can she expect to spend on the 
Job? 

(d) Jim receives $1.50 per hoiir.for work which he does in 
his spare time, and is saving his money to buy a car. 
If the car will cost him at least $75^ how many hours 
must he work? 
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^: . :■ Chapter 9 

SUBTRACTION AND DIVISION FOR REAL NUMBERS 

9-.I. Definition of Subtraction 

Suppose you make a purchase which amounts to 83 cents, and 
•;. give the cashier one dollar. What does she do? She puts down two, • 
i v cents and says "85", one nickel and says "90", and one dime and 

says "one dollar". What has she been doing? She has been sub- 
I tracting 83^from 100. How_ does she do it? - by finding what she 
iChSiQ to add to 83 to obtain 100. The question "100 -- 83 = what?" . 
K means the same as "83 + what « 100?". . And how have we solved the 

I - equation : 
. 83 + X « 100 

• so far 'in this course? We add the opposite of 83, and find 
; X = 100 + (-83). ' 

Thus "100 - 83" and "100 + (-83)" are names for the same number. 
Try a few more examples: , 

20 - 9 = 11 20 + (-9) 

8-6=2 8. + ( )- 2^", 

5 - 2 « ( ) 5 + ( ) ^ ^^ 3 , 

8.5 - ( ) = 5.3 8.5 + (-3.2) = ( ). 

From these examples you will agree that subtracting a positive 
number b from a larger positive number a, gives the same result 
. as adding the opposite of b to a.; 

Since subtraction for positive numbers ±b already familiar 
- to you, you probably wonder what we have accomplished. Our prob- 
lem is to decide how to define subtraction for all real numbers. 
We have now described subtraction in the familiar case of the pos-. 
itive numbers in terms of operations we know how to do for all^ 
real numbers, namely adding and taking opposites. And so we define 
■ subtraction for all real numbers as adding the opposite. In this 

way, we extend subtraction to real numbers so that it still has the 
:■' properties we know from arithmetic; and our definition has used 
;/ only ideas with which we have previously become familiar. 
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To subtract the real number b from the real number a, 
add the opposite of b to a . Thus, for real numbers a 
and b. 



Examples: 





a 


2 


- 5 


5 


- 2 


(-2) 


- 5 


2 


- ( 


(-5) 


- 2 


5 


- ( 


(-2) 


- ( 


(-5) 


- ( 



5 + (-2) = 3 
(.2) + (-5) = -7 



Read the expression "5 - (-2)". Is the symbol used in 
two different ways? What is the meaning of the first \^hat 
is the meaning of the second 

To help keep these uses of the symbol clear, we make the 
following parallel statements about them. 

In "a ^- b", ' m "a + (-b)" 

stands between two numerals is part of one numeral 

and indicates the operation of and indicates the opposite 
subtraction. We read the of. We read the above as 



above as "a minus b". "a plus the opposite of 

We see that the operation of subtraction is closely related, 
to that of :addition. We may state this as 



Theorem 9-1 . For any real numbers • a, b, c, 

a =: b + c if and only if a - b = c . 

Proof: Remember that in order to prove a theorem involving 
"if and only if" we really must prove two theorems. 
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Let us first prove: if a « b + c, then a - b « c . 
a « b + c 

a + (-b) « (b + c) + (-b) (Why?) 

a - b « (b + (-b)) + c (Why?) 

a - b « c (Why?) 

Next we prove: if a - b t= c,, then a » b -f c. To do this, 
note that "a - b « c" means "a + (-b) « c". The student 
may now complete the proof. 

Problem Set 9-1 

I. (-5000) - (-2000) 

3. (-|)^ (-6) 

h. (-0.631) - (0.631) 

5. (-1-79) - 1.22 

6. 0 - (-5) 

7. 75 - (-85) 
8- (- -|) - ''^ 

9, Subtract -8 from 15« 

10. From -25^ subtract -4, 

II. What number is 6 less than -9? ^ 

12. -12 is how much greater than -17? 

13. How much greater is 8 than -5? 

1^^. Let R be the set of all real numbers, and S the set of 
all numbers obtained by performing the operation of sub- 
traction on pairs of numbers of R. Is S a subset of R? 
Are the real numbers closed under subtraction? Are the num- 
bers of arithmetic closed under subtraction? 
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15. Show why "a - a O" is true for all real niunbers, 

16. Find the truth set of each of thQ following equations: 

(a) y - 725 « 25 (d) 3y - 2 ^ ^ih 

(b) z - 34 = 76 (e) X + 23t6 = 7.2 

(c) 2x + 8 = -16 (f) z + (- -J) = - J 

17* Prom a temperature of 3^ below zero, the temperature dropped 
10^. What was the new temperature? Show how this question 
is related to subtraction of real numbers, 

18. Mrs, J, had a credit of $7»23 in her account at a department 
store. She bought a dress for $15.50 and charged it* What 
was the balance in her account? 

19. Billy owed his brother 80 cents. He repaid 50 cents of the 
debt. How can this transaction be written as a subtraction 
of real numbers? (Represent the debt of 80 cents by (-80.)) 

20. The bottom of Death Valley i& 282 feet below sea level. The 
top of Mt. Whitney, which is visible from Death Valley, has 
an altitude of 1^,^95 feet above sea level. How high above 
Death Valley is Mt. Whitney? 



9-2. Properties of Subtraction 

What are some of the properties of subtraction? Is 

5-2 = 2-5? 

What do you conclude about the commutativity of subtraction? Next 
is 

8 - (7 - 2) = (8 - 7) - 2? 
Do you think subtraction is associative? 

If subtraction does not have some of the properties to which 
we have become accustomed, we shall have to learn to subtract by 
going back to this definition in terms of adding the opposite. Ad- 
dition, after all, does have the familiar properties. 
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For example, since subtraction is not associative^ the ex- 
pression 

3-2-4 

really is not a numeral because it does not name a specific num- 
ber. Recall that subtraction is a binary operation, that is, 
involves two numbers. Then does "3 - 2 - 4" mean "3 - (2 - 4)" 
or does it mean "(3 - 2) - 4"? To make a decision, we convert 
subtraction to addition of opposite. Then 

3 - (2 - 4) - 3 + (-(2 + (-4))) 

« 3 + ((-2) +4) 

« 3 + (-2) + h 

On the other hand, 

(3 - 2) - 4 » (3 + (-2)) + (-4) 

a 3 + (-2) + (-4) . 

The second of these is the meaning we decide upon. We shall 
agree that 

a - b - c means (a - b) - c , 

that is 

a-b-c«a + (-b) + (-c) • 
Example 1. Find a common name for 

(f+2)-^. 

We can think of this as {— + 2) + {- ^) , and then we know that we 
can write 

(f + 2) -f-- (|+ 2) + (--5) 



1 + 2 
3 . 
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Example 2j the properties of addition to vn?iir^e 

-3x + 5x - ^ simpler form. 

+ 5x - 8x a (-3)x + 5x + {-8)x, 

where we Iwxe M^d the the^^pm^f (-a) f or Ghfe f^st tesm, 

and the de:^ixl' Icn of subtr^efejum the .^ame theorem fcir the last 

terra, lhar: • a think of -3r 5x -8x as the gim of C-3)x, 5x, 
and (-.6)x. 2:ri^^i 

-3:c ^ 3x « f(-3) 4^ 5 -f (-8)^ x by the di^^'^ -^itaitlve 

V ^ property 

=a -6x« 

While 14l ^3 not as precise^, we use the commonlx accepted . 
word "slmpll^:' for directions ^ch as "find a coron ; name for" 
and "use the :^opertles of addition to write the following In 
simpler form*' When there Is no possibility of confusion, this 
term will appear henceforth. 

Example 3. Simplify (5y - 3) - (6y - 8). 

(5y - 3) - (6y - 8) » 5y + (-3) + (-(6y + (-8)) (Why?) 



5y + (-3) + (6y)') + (- (^8)) , since 
\ the qppoBlte of the sum It 



djppoBlte of the sum Is 
the sum of the opposltes. 

= 5y + (-3) + (-6)y + 8 (Why?) 
« (-i)y + 5 (Why?) 
= -y + 5. 

Instead of the fact that the opposite of a sum Is the sum of 
the opposltes, we could also have used Theorem 7-2a which states 

that -a » (-l)a, and then the distributive property. Then our 
example would have proceeded as follows: 

(5y - 3) - (6y - 8) - 5y - 3 + (- (6y - 8)) 

« 5y - 3 -h (-1) (6y + (-8)) 

« 5y - 3 + (-l)(6y) + (-l)(-8) 

« 5y - 3 - 6y .+ 8 

« -y 'h '5' 
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When you -■^^^^-'TS'bsnc: * e steps Involved, you -a abbre- 
viate the step* 

(5y • 3 ) - 8) o 5y - 3 - 6y + 8 

»-y + 5 

You may be lanr eee*'^ >y the way we are now doing a number 
of steps mentally. Thfrc. -sirility to comprehend several steps 
without writing th- al-^ -own is sign of our mathematical 
growth. We must "i/t .^.^^ful, however, to be able st any time to 
pick out all the 3^:1>ll^:^#; steps and explain each^nne. 

For instance t:ih5 reason for each of thf2 following 

steps: 

(6a - 8b + c) - {H^ - iHT ^ 7c) 

« (e ± / .£b) + c) + ^- (ka + (-2b) + IcU 
^ (e ^ -.5b) + c) +((-4a) + (-2b)) + (-7c)^ 
« (6r l^b) + c) +(^(-4a) + 2b + (-7c)) 
« ^6a^ (-iva)) + (^(-8b) + 2b) + (c + (^7c)) 
= {6b. ^ (-4)a) + ((-8) b + 2bj + (ic +(-7)c) 
= (6 ^ («l^)) a + ((-8) + 2) b + (l + (-7)) c 
« 2a - (-6)b + (-6)c 
a 2a -r ( -Ob) + (-fe) 
s 2a - ^ - 6c 



Problem Set 9-2a 

Simplify (In Problems 7 and 20 show and explain each step as in 
the first two parts of Example 3. In the remaining 
problems, use the abbreviated form of the third part of 
Example 3. ) 
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1. 


(a) 


3x: - 4x 


7. 


(37r + 9) - (Stt - ')P 




(b) 


-5a - 3a 


8. 


(2'\f5 + 8) + (2 -7/5\ 




(c) 


4x- - (-7x2) 


9. 


-^y + 6y 




(fi) 


-^z - xz 


10. 


-3c + 5c + ^ 


2. 


(a) 


-3y - 5y + y 








■II 




(b) 


-3c + 5c - "Ic 


12. 


(3x - 6) + (6 - 3r) 




(c) 


7x2 _ ij^2 _ ^^2 


13. 


(5a - 17b) - (4a « 




(d) 


3a2 - + 6a 


14. 


(2x + 71 + fi|x^ + ^ - xl 


3. 


(a) 


- (3x - 4y) 


15. 


(3a + 2b - 4) - (5£. - 3b + 




(b) 


- (-5a - 3y) 


16. 


(7x2 ^ ^ ^|^^2 . 7x . 8) 




(c) 


- (4a - 6a) 


17. 


(7x2 3^ J _ (4x2 - 7x - 8) 




(d) 


- (7 - x) 


18. 


(7xy - 4xz) - (8xy - 3y2) 


4. 


(3.6 


- 1.7) + (2.7 - 8.6) 




(3n + 12p - 8a) - (5a - 7n 






19. 


5. 




Iv 1 

5) - f 


20. 


(5x - 3y) - (2 + 5x) + (3y 


6. 










21. 


From 


lla + 13b - 7c subtract 8a - 5b - 4c. 


22. 


What 


is the result of subtracting ~3x^ + 5x - 7 from 




-3x 


+ 12? 






23. 


What 


must be added to 3s 


- 4t 


+ 7u to obtain -9s - 3e? 



- p) 

- 2) 



24. Prove: XT a > b, then a - b is positive* 

25. If (a - b) is a positive number, which of the statemerEts, 

a < b, a = b, a > b, is true? What if (a - b) is a nagBsclvc 
number? What if (a - b) is zero? 

26. If a, b, and c are real numbers and a > b, what can we say 
about the order of a - c and - c? Prove your statement* 
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The definition of subtree ion in terms of* addition permits 
ua to ezirend further our appLic-ations of the distributive yr^:-' 
perty, ead to describe in different lar^giaage some of our straps 
in flnciiiig trtsih sets. 
Example Slnrrfl if y 



= (-6)x + 15 
- -6x + 15, 

You would peiteps have done some of these steps mentallyj 
and wouXd have written directly: 

(-3:)(2x - 5) = -6x + 15, 

thinking "(-3) times (2x) is (-6x)" 

"(-3) times (-5) Is 15." 

Problem Set 9~2b 
1. Perform indicated operations and simplify where possible: 

(a) 4(3 - 5) (f) 5 (3 - 2x) . 



(-3)(2x - 5) . 



By applying tlxe definition of subtraction, we have 




= (-3)(2x) + (-3) (-5) (Why?) 






(h) 2.(-3x - 3) 
(1) a[b r 2) 
(J) {-y)(-x - ^) 



(d) {-x)(-2. + 7) 

(e) r-4)(3 - x) 



2 25 
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2. I >rforr. indicated operations and simplify where possible: 

a) ;-3)(-a + 2b - c) 
(d) ;~^x + 2y) + 2(-2r - /) 
f ^)(a - 2b) + 3(a - 2b) 
C±f -^i- (2u + 3) - 3(2u~ 3) 

+ y) - y(x -4- y 
(r. :ia.(a - b) + b(a - :~) 
(s) 3(a - b + c) -(2a - b - 2c) 
(ri) ! -x)(4x - y) + 2x(-:- - y) • 
(i) a(b ^. c + 1) - 2a(2 + c - 1) 
(J) a(a + b + 3) + b(a - b + 3) + 3(.a + b + 3) 

3. Solve: 

(a) 3x -4=5 (f) 0.7x + 1.3 « 3.2 + 1.4x - 0.3 

(b) 2a - 1 = 4a - 3 (g) -X - 1 < 4 - X 

(c) -3y = 2 - y - 6 (h) 3a + 3 = 7a + 4 - 4a - 1 
;rd) -2 - 2r < - 1 (i) 1-2 - 2.5c < - 3.3 - c 

ie) 4u + 3 > -5u - 3 
k„ (a) The wii^sh of T:tsctangle "is 5 inches lesf: than its 
lengttL,. What --^ its length Lf its perimetrer is 38 
inchesv 

(tj If IT ±3 ST3ibfcrac:ued from a n\iniber, and the result is 

multiplied 1^ 3, the product is 102. What is the number? 

Cc) A t-eaciser sa^s:, "IZT I had 3 times as many students in my 
class as I dfj have^ I would have less than 46 more than 
I now isassu* Eow many students does he have in his 
class^ 
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.9-3. Subtraction In Terms of. Distance 

Suppose we ask: On the number line, how far is it from 5 
to 8? If X represents the nixmber of units in this distance, then 

5 ^ X - 8. 

The solution of this equarion^ a:^ we have seen, can ^be written as 
X = 8 - 5. Th^is, 8 5 —-an be irrcerpreted as the disnrance from 
5 to 8 the number line. 





- 8-5-> 




— I — 1 — 1 — 1 — 1 — 

0 1 2 3 4 J 


— 1 1 — 

j 6 7 £ 


1 — 1 1 

I 9 10 II IE 



Let us now ask how f^r it ±s from 3 (-2). If y repre- 
sents the number of units in t±:is distancs^ then 

3 ^7 = (-2) 

y = (-2) - 3. 

Thus (-2) - 3 can be :!:z:terpret;ed as the distance from 3 to (-2). 

r--^ 1 i — I 1 1 — I 1 i 1 — ' 1 — 

-2 0 I 2 3 4 

The cpxantiizj 3 -5=3 is positive, idiile (-2) - 3 is 
negative* iflaat dxs^-s: tb±2 distinction tell us? It tells us that 
the disjbanre from - t:c 8 is to the right , while from 
3 to (-2) ie to rJhe left , Therefoi»e, a - b really gives us 
the distance from b to a, that is, both the lengtir and its 
direction. 
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Suppose we are not interested in ^he direction, but only in 
the distance between a and b • Then a - b is the distance 
from b to a, and b - ii is the dlstar>ce from a to b, and 
rhe distance between a and b is tfcre positive of these two. 
Prom our earlier work, we know that thus is |a - b|. 

For example, the distance from 3 to (-2) is (-2) -3, that is, 
-5; the distance between 3 and (-2) ±s }(-2) - 3], tihat is, 
5. In the same way, the distance from 2 to x is x-2j the 
distance between 2 and x is |x - 2i 



rroblem Set 9^3 
What is the distance 



(a) from -3 to 5? 

(b) between -3 and 5'? 

(c) from 6 to -2? 

(d) between 6 and -2'? 

(e) from 5 to 1? 
What is thB distance 

(a) from x to 5? 

(b) between x and 5? 

(c) from -2 to x? 

(d) between —2 and x? 



(f) be ween 5 anc 17 

(g) frnn -8 to 

(n) b€±:wsn -8, 3:sd -;^? 
fjl) ^=ram J to 0? 
(j) liatween J anc CT^ 

Bi) :r=tCT'-l to -gcf?: 
;:f ): beirween -x and -1 

(g) :±rom: 0 to x? 

(h) between 0 and x"^ 



For each of the following pairs of expressions, fill in the 
symbols "<", or 'V** which will, siafee a trtss sentence. 



(a) 19-2; ^ 

(b) |2 . 9 1 • 

(c) ^ |9 - (-2)1 ? 

(d) I (-2) ^ 9\ ? 



|9 . - | 2| 

l9l - I-2J 
I -2 I « | 9 j 



EKLC 
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(e) 


l(- 


-9) - 2| 


9 


l-9l 


- |2l 


(f) 


|2 


- (-9)1 


? 


l2l - 


l-9l 


(g) 


l(-9) 


- (-2)1 


9 


1-91 


- 1-21 


(h) 


l(-2) 


- (-9)1 


? 


1-21 


- 1-91 



4« Write a symbol between |a - b| and |a| - |b| which will 
make a true sentence for all real niimbers a and b. Do the 
same for |a - b{ and |bj - |a|. For |a - b| and 
||a| - |b||. 

5. Describe the resulting sentences in Problem 4 in terms of dis- ' 
tance on the number line. 

6. What are the two numbers x on the number line such that 

|x - U| = 1? 
J. \^hat is the truth set of the sentence 

Ix - M < 1, 

I2raw the graph of this set on the number line. 

8. What is the truth set of the sentence 

|x - 4| > 1 ? 

9. (xraph the truth set of 

^ X > 3 and x < 5 

on the number line. Is this set the same as the truth set of 
|x - 4| < 1? (We usually write "3 < x < 5" for the sentence 
"x > 3 and x < 5".) 

10. Find the truth set of each of the following equations; graph 
each of these sets: 

(a) |x - 6|= 8 

(b) y + |-6| = 10 

(c) |10 - a| = 2 
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(d) 1x1 < 3 

(e) |vl > -3 

(f) |yl +12-13 

(g) ly - 81 < ^. (Read this: The distance between y and 8 

is l«ss than 4.) 

(h) Izl + 12 = 6 

(i) |x - (-19)1 - 3 
(J) ly + 5! - 9 

11. For each sentence in the left column pick the sentence in 
the right column which has the same truth set: 

Ixj « 3 X a -3 and x =. 3 

Ixj < 3 X « -3 or X = 3 

1x1 3 X > -3 and X < 3 

1x1 > 3 X > -3 or X < 3 

1x1 ^ 3 X < -3 and X > 3 

— Ixj <j: 3 X < -3 or X > 3 

Ixj i 3 X -3 or X ^ 3 

*12. Prom a point marked 0 on a straight road, John and Rudy ride 
bicycles. John rides 10 miles per hour and Rudy rides 12 
miles per hour. Find the distance between them after 

(1) 3 hours, (2) hours, (3) 20 minutes, if 

(a) They start from the 0 mark at the same time and John 
goes east and Rudy goes west. 

(b) John is 5 miles east and Rudy is 6 miles west of the 0 
mark when they start and they both go east. 

(c) John starts from the 0 mark and goes east. Rudy 
starts from the 0 mark 15 minutes later and goes west. 

(d) Both start at the same time. John starts from the 0 
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mark and goes west and Rudy starts 6 miles weot of the 
0 mark and also goes west* 



9>>4e Division 

You will recall that we defined subtraction of a number as 
addition of the opposite of the number: 

a - b » a + (-b) . 

In other words, we defined subtraction in terms of addition and 
the additive inverse. 

Since division is related to multiplication in much the same 
way as subtraction. is related to addition, we might expect to 
define division in terms of multiplication and the multiplicative 
inverse. This is exactly what we do. 

For any real numbers a and b (b / O), 
"a divided by b" means "a multiplied by 
the reciprocal of b". 

"a" 

We shall indicate "a divided by b" by the symbol ^ 

symbol is not new. You have used it as a fraction indicating 
division. Then the definition of division is: 



This 



a 1 
b = ^-b ' 



(b ^ 0). 



As in arithmetic, we shall call "a" the numerator and "b' 



"a" 



the denominator of the fraction . V/hen there is no possi^ 
blllty of confusion, we shall also call the number named by 
the numerator, and the number named by "b" the denominator. 



"a" 



Here are some examples of our definition. By 



we mean 



10*^-, or 5; by 



we mean 



T 
5/ 



or 



3(5), or 15. 
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Does this dsflnitiion of division agree with the ideas about 
division wtilch we already have In arithmetic? An elementary way 
t>o talk about 10. is to ask "what times 2 gives 10?" Since 



2 



10 



e '2 = 10, ther ^ = 5. 



Why in tile definitxon of division did we make the restriction 
"h ^ 0"? Be on your guHrd against being forced into an impossible 
situation bj insdvertently trying to divide by zero. 

Problem Set 9-ka 
Write common nsnss for the following: 

1. 75 7. 2 10. 2. 

5 _3_ "3 

^ 570 i "3 

— 570 , ^ ' 

R -1- 11 2b 
2500 ^' 3. b 
1 5 



3. 



2 



12. 



y 



5. 
6. 



.30 
-5 

-30 
5 



Mentally complets the following, and compare 



and 10 = 5-2, 



6 and -18 = 6( ), 

^^y^- 2y and 8y = 2y(4). 
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What do these suggest about the relation between multiplication • 
and division? Is the following theorem consistent with your 
experience in arithmetic? 

Theorem g^^km For b 0, a = cb 

if and only if 

This amounts to saying that a divided by b is the number which 
multiplied by b gives a. Compare this with Theorem 9-1 which 
says that b subtracted from a is the number which added to b 
gives a. 

Again, in order to prove a theorem Involving "if and only if" 
we must prove two things. First, we must show that if = c 
(b / 0), then a = cb. The fact that we want to obtain cb on the 
right suggests starting the proof by multiplying -both members of 

'^=- c" by b. 

Proof: If Y ^ (b / 0), then a.i « c, 

(a.i)b = cb, 
1 

a(^*b) - cb, 

a*l a cb, 

a = cb« 

Second, we must show that if a = cb (b >^ O), then c. This 

time, the fact that we do not want b on the right suggests 

starting the proof by multiplying both members of "a » cb" by • 
This is possible, since h ^ 0. 



233 



[sec. 



226 



Proof: If a « cb (b ^ 0) , then a*-^ 



1 



c(b-^). 



1 



1 

•F 



a 
b 



Supply the reason for each step of the above proofs. 

The second part of this theorem agrees with our customary 
method of checking division by multiplying the quotient by the 
divisor. 

The multiplication property of 1 states that a «• a(l) 
for any real number a. If we apply Theorem 9-^ to this^ we 
obtain two familiar special cases of division. For any real, 
number a. 




and for any non-zero real number a. 




Problem Set 9-Ub 
Prove that for any real number a. 



3_ - a. 



Prove that for any non*-2ero real number a. 
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3. 



4. 
5. 



In the following problems perform the Indicated divisions 
and check by multiplying the quotient by the divisor. 



(a) 
(b) 
(c) 
(d) 
(e) 
(f) 



2500 
-2 



-15 
T 

-200 
-50 



12 
3 



(J) r2l6 



(1 
(m 

(n 
(o 
(P 



360 

"57? 



Comment on 



28 



-l4 
oTT 



23m 
2^2 



When dividing a positive number by a negative number. Is the 
quotient positive or Is It negative? What If we divide a 
negative number by a positive number? What If we divide a 
negative number by a negative number? 

6. Find the truth set of each of the following equations: 



(a) 6y 




k2 


(h) 




20 


(b) -6y 




k2 


(1) 










X 


15 


(c) 6y 




-1^2 


5 " 


(d) -6y 




-1^2 


(J) 




9 


(e) k2y 




6 


(k) 


3^ = 


0 


(f) 42y 




k2 




io 

3 


(g) 6y 






(1) 


5x = 
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7. Find the truth set of each of the followlrjg equations • 

(a) 5a - 8 » -53 

(b) |y + 13 « 25 

(c) X + .30x » 6.50 

(d) n + (n + 2) « 58 

(e) ^a « -ia + 4 

8. If six times a number is decreased by 5> the result is -37« 
Find the number, 

9. If two-thirds of a number is added to 32, the result is 38* 
What is the number? 

10. If it takes |- of a pound of sugar to make one cake, how many 
pounds of sugar are needed for 35 cakes for a banquet which 
320 people will attend. 

11. A rectangle is 7 times as long as It is wide. Its perimeter 
is l44 inches. How wide Is the rectangle? 

12. John is three times as old as Dick. Three years ago the sum 
pf their ages was 22 years. How old is each now? 

13. Find two consecutive even integers whose sum is 46. 

ih. Find two consecutive odd positive Integers whose sum is less 
than or equal to 83. 

15. On a 20%discount sale, a chair cost $30. What was the price 
of the chair before the sale? 

16. Two trains leave Chicago at the same time: one travels north 
at DO m.p.h. and the other south at 4o m.p.h. After how 
many hours will they be 125 miles apart? 

17. One-half of a number is 3 more than one-sixth of the same 
number. What is the number? 
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18 • Mary bought 15 three-cent stamps and some fo\ir-cent stamps. 
If she paid $1.80 for all the stamps, was she charged the 
correct amount? 

19# John has 50 coins which are nickels, pennies, and dimes. He 
has fovir more dimes than pennies, and six more nickels than 
dimes. How many of each kind of coin has he? How much money 
does he have? 

20# John, who is saving his money for a bicycle, said, "In five 
weeks I shall have one dollar more than three times the amotint 
I now have. I shall then have enough money for my bicycle." 
If the bicycle costs $76* how much money does John have now? 

21. A plane which flies at an average speed of 200 m. p. h. (when 
no wind is blowing) is held back by a head wind and takes 3^ 
hours to complete a flight of 630 miles, ,hat is the average 
speed of the wind? 

22« The sum of three successive positive Integers is I08. Find 
the integeirs. 

23« The sum of two successive positive integers is less than 25. 
Find the integers. 

»24. A syrup manufacturer made I60 gallons of syrup worth $608 by 
mixing maple syrup worth $2 per quart with corn syrup worth 
60 cents per quart. How many gallons of each kind did he use? 

25. Show that if the quotient' of two real numbers is positive., 
the product of the numbers also is positive, and if the quo- 
tient is negative, the product is negative. 



9-'5» Common Names 

In Chapter 2 we noted some special names for rational numbers 
which are in some sense the simplest names for these numbers, and 
which we called "common names". Two particiilar items of interest 
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"20" 

about Indicated quotients were the following: We do not call 

"l4" 

a common name for "four", because "4" Is simpler; similarly, -gi 

tip" 

Is not a common name for "two-thirds" because -j Is simpler. We 

obtain these common names by using the property of 1 and the theo- 
rem -f' = 
a 

iP » ^-15 . 4(1) = k 

and 

Ik 2J 2,Iv _ 2/, V _ 2 

21 = 3.7 ~ 3^7' " 3^-^' - 3.' 

Mo" 

On the other hand, we cannot simplify "4" and -3 any further. 
In the above example, what permitted us to write as 

—(2.)? This familiar practice from arithmetic is one whlcfa csn be 
3 7 

proved for all real numbers. 

Theorem For* any real numbers a, b, c, d, 

if b ?^ 0 and d ^ 0, then 

a c ac . 
b'd " bd 

Proof: f.| = (a.^)(c4) (Why?) 

= (ac)(f i;) (Why?) 

= (ac)(^) Theorem 7-8d 

= 11 (V/hy?) 



Example 1. Simplify ||^ 
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cahv feJl^! * associative and commutative 
:>aDy Dy^ao; properties. 



il^^^ ' Theorem 9-5, 

, by the property of 1. 



3a 
5y 



Example 2> Simplify ^ . (Note: Vfhen we write this phrase, 

" ' we -assume automatically that the 
domain of y excludes 1. Why?) 

2(y ^ l) ^ [y ' l , by the distributive property, 

^"±^ 1 I {) , by Theorem 9-5, 

« |-(l) , since -1=1, (here a = y - l) 

3 

= "2 * by the multiplication property of 1# 

After further experience, your mental agility will undoubtedly 
permit you to skip some of these steps. 

Example _3? Simplify t . ?^ + 5) -^(5 - 2x) 

By the definition of subtraction, ^ 
rgx 4. ^\ - fq - 2x^ ^ 2x 4- S - 5 + 2x 

» by the multiplication property 

of 1. 
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The numerals and '-^ and all name the same number, 
and all look equally simple; the accepted common name is the last 
of these. Therefore, 



Problem Set ^"*5 

1. V/e have used the property of real numbers a and b that 
If h / 0, then 

-a a a 

Prove this theorem. 
In each of the following pnroblems, simplify: 



.2 



3. (a) ^ (b) --^ (c) 



-n 

£ 



2x-_i. 



5. (a) Jiii^ (b) (.) iS^^ (d) 

6. (a) 1^ (c) : ^ ^ 
O) (1) - - 

7. (a) ^ W (=) ^ (^) 

8. (a) ia^' (b) (c) (d) 
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9. (a) 



11. (a) 1) 

(b) ^) 

4y - 2 - 6x 



10. (a) 



3t 



a 



3 



-6 



(b) 




3 



(c) 




9-6 Fractions 

At the beginning of Section 9-5, we recalled two conventions 
on common names which we have been using ever since Chapter 2: 
A common name contains no indicated division which can be per- 
formed, and if it contains an indicated division, the resulting 
fraction should be "in lowest terms". Then during Section 9-5, we 

stated another convention, this one about opposites: We prefer 
a 

writing - ^ to any of the other simple names for the same number. 



b ' -b • 

Let us return to the conventions about fractions. In this 
course a "fraction" is a symbol which indicates the quotient of 
two numbers. Thus a fraction involves two nuunerals, a numerator 
and denominator.- When there is no possibility of confusion, we 
shall use the word "fraction" to refer also to the number itself 
which is represented by the fraction. When there is_ a possibility 
of confusion we must go back to our strict meaning of fraction as 
a numeral. 

In some applications of ^ mathematics the number given by ~ 
is called the ratio of a to b. Again we shall sometimes speak 
of the ratio when we mean the symbol indicating the quotient. 



-a 



a 
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In the preceding section we naed Theorem 9-5 to ^arlte a 
fraction as the indicated product of two fractions. Sbr instance, 
we wrote 

li _ ill _ 2.7 
21 3'7 " 3 7 * 

Let us now apply Theorem 9-5 m the "other direction' to write an 
indicated product of fractions as a single fraction. 
Example 1; Simplify -f*!" • 

By Theorem 9-5, -j*^ = 37^ 

Sometimes we use Theorem 9-5 "both ways" in one problem. 
Example 2; Simplify {-2)i-^)- 



3 ' (a- 7) 

2-t3^ 



14 = 2*7 and 
-because g _ 3. 3 



7« (2'3) 

■S-ti^ (Why?) 

by Theorem 9-5. 

by the property of 1. 



Problem Set 9-6a 

In Problems 1-10 simplify: 

1. (a) i-i (b) (-i)i (c) (-§)(-!) (d) 1(5) 

4 21 / V ^ 21 / \ 4 7 + l4 1.4.21 

2. (a) I'fi (b) lo'T 5+2'-^-^ 7 



7"10 10 7 5?+''^ ^ • ' f 10 

3. (a) (-2)4 (b) 5. (-|) (c) (:|).5 (d) -^. ((-5)(-2)) 
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(a 

5. . (a 

6. 'a 

7. (a 

8. (a 

9. (a 

10. (a 



1.1 

n n 

X X 

10.3 

3 2 



('«a2)(|) 

3 X + 2 
J 3~ 



(b) (i^a2)(l) (c) m(|) (d) f.|- 

(b) 3i^^-f^ (c) |(x + 2) 

n + 3 . 2 ^ _ \ n + 3 2 



(c) i-i 

^ ' n X 

(c) Tj-- 



(d) 



n + n 



(d) ^ - ^ 



n + 3 n + 2 
~ J~ 

xy + y xy - y 
X + 1 X - 1 



n + 3 



(b) 



2a - a 
-a 



(c) 

2 



n + 2 3 
2a 



a - 2 



U. Sar. every rational member be represented by a fraction? Does 
every fraction represent a rational number? 

2 

12. The ratio of faculty to students in a college is -j^ . If 
there are 1197 students, how many faculty members are there? 

13. The profits from a student show are to be given to two 



scholarship funds in the ratio 



3 • 



If the fund receiving 



the larger amount was given $3.87, how much was given to the 
other fund? 



" We can state what we have done so far in another way. A 
product of two indicated quotients can always be written as one 
indicated quotient. Thus, in certain kinds of phrases, which 
involve the product of several fractions, we can always simplify 
the. phrase to Just one fraction. If a phrase contains several 
fractions however, these fractions 'might be added or subtracted, 
or divided. We shall see in this section that in jall these cases 
we may always find another phrase for the same nixmber which in- 
volves only one indicated division. We are thus able to state 
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one more convention about indicated quotients: No common name 
for a number shall contain more than one indicated division. Thus 
the instruction "simplify" will always include the idea "use the 
properties of the real numb>ers to find another name which contains 
at most one indicated division." 

The key to simplifying the sum of two fractions is using the 
property of one to make the denominators alike. 

Example 3: Simplify ^ + 5 • 

|- + ^ = ^ (1) +-| (1), by the property of L, 

= 5x ^ g ^ Theorem 9-5, 

= 5x(t|) + 3y (^i), by the def . of 
^-^ division, 

= (5x + 27)^ , by the distributive 

property, 

= + 3y ^ the definition of 

division. 

Once again, you will soon learn to telescope these steps. 

Proble m Set 9-6b 
In Problems 1-5 simplify: 

2 

1 u. 1 

^ + 

5 
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1. 


(a) 


5 
9 


+ 2 


(b) 


5 
9 


2 


(c) 


-5 

9 


2. 


(a) 


1 

3 


-\ 


(b) 


1 

2 




(=) 




3. 


(a) 


h 
a 


-1 


(b) 


a 


-la 


(c) 


1- 



(a) + 2 



(b) f.f 



3u 
35 



X X / ■,\ X X 



!La JL 
7 "35 



(a) 



X + 8 ■ X - 4 
10 2 



X + 10 . X - 2 
(b) 10 + 2— 



^ ' X ^ X 



Prove that ^ + ^ = ^ ^ ^ for real n\imbers a, b, and c 



(c ^ 0). 



Prove that + 



&d 4- be 

0^ for real nunibers a, b, c, and 



d (c ?^ 0, d 0), 

Find the truth set of each of the following open sentences: 

X 2 
Example: -j - 2 = x 

Two different procedures are possible. 



X 

3 ■ 


X - 
■ 9 X - 


2 


3x 
9 


2x 
" 9 " 


2 


3x 


- 2x 

9 


2 




X 

9 ~ 


2 




X = 


18 



(a 
(b 
(c 
(d 
(e 



+ 3 = |y 



a , a , 
■ + ^ = 1 



3 
3 



Ix = -^x + 8 
|x = 35 - X 



3x - 18 = 2x 
X = 18 



* We multiplied by 9 because 
we could se-^ that the re- 
sulting equation would ,. 
contain no fractions, " 

(f) I . 3 = ^ - a 

(g) 3 |wl + 8 = I lw| + ^ 

(h) -|+ lx-3| <f|- 
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3 

10. The sum of two number's is 2hO, and one number is ^ times, 
the other. Find the two numbers. 

11. The numerator of the fraction j is increaser', by an amoxiht 

27 

X. The valios of the resulting fraction is . By what 
amount was t;fe numerator increased? 

12^ 1^ of a numter is 13 more than ^ of the number. What 
is the number? 

13. Joe is as old as his father. In 12 years he will be 

-i. as old as his father then is. How old is Joe? His father? 

14. The sum of two positive integers is J and their .difference 
is 3. What are the numbers? What is the sum of the recip- 
rocals of these numbers? What is the difference of the 
reciprocals? ! 

15. In a shipment of 800 radios, of the radios werejdefec- 
tive. What is the ratio of defective radios to non-defective 
radios in the shipment? 

16. (a) If it takes Joe 7 days to paint his house, what part 

of the Job will he do in one day? How much in d days? 

(b) If it takes Bob 8 days to paint Joe«s house, what 
part of the Job would he do in one day? In d days? 

(c) If Bob and Joe work together what portion of the Job 
would they do in one day? What portion in d days? 

(d) Referring to parts (a), (b), (c), translate the 
following into an English sentence: 

^ ^ + 4 - 1 
7 

Solve this open sentence for d. What does d 
represent? 

(e) What portion of the painting will Joe and Bob, 
working together, do in one day? 
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*17. A ball team on August 1 had won 48 games and lost 52. 
They had 5*^ games left on their schedule. Let us suppose 
that to win the pennant they must finish with a standing 
of at least .600. How many of their remaining games must 
they win? What is the highest st^ding they can get? The 
lowest? 



For simplifying the indicated product of two fractions, a 
key property was Theorem 9-5; for simplifying the indicated sum , 
of two fractions, a key property was the property of 1. When 
handling the indicated quotient of two fractions, we have several 
alternative procedures involving these properties. Let us con- 
sider an example. 

5 

Example ^: Simplify < 



Method 1. 



1. 
2 

Let us apply the property of 1, where we shall think 
of 1 as I- . (You will see why we chose -g- as the 

work proceeds. ) 



5 

_3. 
1 
2 



4(1) 

2 

|x 6 



10 



by our previous work on' multiplication. 



Method 2. Let us use the property of 1, where we shall think of 

2 because it is the reciprocal 



1 
of 



as ^ . We choose 

1 . • 

2 * 
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5 5 

then X _ X f2x 

1 , - 1 

2 2 



fx 



2 



i-x'2 



10 
3 



numerator by previous work 
denominator by choice of reciprocal of 



10 



~ 3 because f" = a for any a. 

Method 3: Let us apply the definition of division 



4- 

2 2 
= -I (2) 



Since —J— = a 



a 



a ^ by previous work on multiplication. 

You may apply any one of these methods which appeals to you, pro- 
vided that (l) you always understand what you are doing, and (2) 
you receive no instructions to the contrary. 



Problem Set 9"6c 
Ih ;each of the following, simplify, using the most appropriate 
method: 

^ ax 



1 



a 



JL 

t S| 
2 



a 



2. _2_ 4. I+I- 
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5. 



12 a - b 

9. 2__ 

a -• b 



6. ■i'-T^- 10, ^^.-a-^ 



7. 



8. 



i 






11 




■ 12 


1 

3 


2 


1 

3 


1 

-If 


1 


-1 



11. 



X + 8 



X + 2 



12. X 



~ 3 
a 



9-7. Summary 

Definition of subtraction : To subtract the real number b 
from the real number a, add the opposite of b to a* 

Theorem 9-1. i^'or any real numbers a, b, c, a = b + c If 
and only If a - b = c. 

Agreement : a-b-c=sa + (-b) + (-c) 

On the number llne« 

a - b Is the distance from b to a 
b - a Is the distance from a to b 
|a-b| Is the distance between a and b 

Definition of division; To divide the real number a by 
the non-zero real number b, multiply a by the reciprocal 
of b. 

Theorem 9->4. For any real numbers a, b, c, where h 0, 
a = cb If and only If c^ 

Theorem 9-^5. For any real numbers a, b, c, d. If b 0 
and d 0, then 

^^c _ ac 

b d ^ bd 
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The simplest name for a number; 

(1) Should have no Indicated operations which can be performed. 

(2) Should In any Indicated division have no common factors In 
the numerator and denominator. 

(3) Should have the form - In preference to or ^ • 

(k) Should have at most one Indicated division. 

Review Problems 

1. Which of the following name real numbers? For each part write 
either the common name for the nvimber or the reason why It Is 
not a number. 

(a) (d) ■§ (g) 1^1 

(b) 3-i (e) 1^1 (h) 6 - 6.7 

(c) 3.0 (f) 5*0 (i) 8-2-3 

2. Insert parentheses in each of the following expressions so that 
the resulting sentence is true .• 

(a) •5-5-7 = 0 (d) 7 - 6 - 2 = -1 

(b) 5 - 5*7 = -30 (e) 3.2 - 2.5 = 0 

(c) 7 - 6 - 2 = 3 (f) 3.2 - 2.5 = 20 

3. Find the value of the phrase, b - Uac, for each of the 
following: 



(a) 


a = 2, 


b = 


(-1), c = 5 


(d) 


a = l,65h, 


b = 2, c = 0 


(b) 


a = 5, 


b = 


6, c - (-3) 


(e) 


a = 5, b = 


0, c = -5 


(c) 


a = 1, 


b = 


(-3), c =(-2) 


(f) 


a = i b = 


^ c - 
J, c - 



4. Given the fraction ^ 7 ' ^^^t is the only value of x for 
which this is not a real number? 
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5% Use the distributive property to write the following as 
indicated sxiins* 

• (a) (^3) (2x + 1) (e) 5a (a + 2b - 3c) 

(b) ab^ (a - b) (f ) (x - 3) 7x^ 

(c) m2 (m.. 1) (2x. 3y) (x + 4y) 

(d) -(3x - 2y) (h) (2a - 3b)^ 

6, Solve the following sentences 

(a) 2a - 3 < a + 4 (d) | - | < | 

(b) 7x + 4 + (-^x) = 3x . 8 ^ 1 ^ 1^ . 2 

(c) 6m ^ 135 (f) ^2\x\ ^ -6 

7, "5" of a number increased by ^ of the number is less than 
the number diminished by 25, what is the number? 

8* Find the average of the numbers 



X + 3 X - 3 X + k X - k 

X * X * X * X 



where x ^ 0. 



9, . Show that § < fo 20 15" true sentences. Then tell 

3 7 

why you know immediately that ^ < true. 

♦10. A haberdasher sold two shirts for $3.75 each. On the first he 
lost 25 7o of the cost and on the second he gained 257o of the 
cost. How much did he gain or j.ose, or did he break even on 
the two sales? 

11. If y = ax + b and a ^ 0, find an equivalent sentence for x 
in terms of a, b, and y. 

12. Last year tennis balls cost d dollars a dozen. This year 
the price is c cents per dozen higher than last year. What 
will half a dozen balls cost at the present rate? 
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13. Find the truth set of each of the following equations, 

(a) (x - l)(x + 2) = 0 (d).(2m - l)(m - 2) = 0 

(b) (y + 5)(y + 7) = o . (e) (x^ + i) 3 = 0 

(c) 0 = z (z - 2) (f) (x - 3) + (x - 2) = 0 

14. If = § where a, b, c, and d are real nvunbers with 
b ^ 0, d 0, 

(a) Prove that ad = be 

(b) Prove that. If c ^ 0, then f = ^ 

(c) Prove that. If a ^ 0, c ji^ 0, then 

(d) Prove that = ^^t-^ 



b 
a 



d 
c 



15« Prove the theorem: 



If b 0 and c 7^ 0; then -|| 



a 

b • 



16. Prove the theorem: 

If a 0 and b 0, then — ^ = ~ . ' 

b 

*17., Given the set (1, -1, J, -j} and the following multiplication 
table. 

Second Niamber 





X 


1 


-1 


J 


-J 


(U 


1 


1 


-1 


J 


-J 
















-1 


-1 


1 


-J 


J 


-p 












u 


J 


J 


-J 


-1 


. 1 




























-J 


-J 


J 


1 


-1 



(a) Is the set closed under multiplication? 

(b) Verify that this multiplication is commutative for the 
cases (-1, J), (J, -J) and (-1, -j). 
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(c) Verify that this multiplication is associative for the 
cases (-1, J, -)) and (l, -1, j). 

(d) Is it true that a x 1 = a, where a is any element of 
(1, -1, J, -J). 

(e) Find the reciprocal of each element in this set. 

If X is an unspecified member of the set, find the 
truth sets of the following ^make use of question (e)j. 

(f) J X X = 1. (h) X X = -1. 

(g) -J X X = J. (i) X X = -1. 
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The reference is to the page on which the term occurs. 



abscissa, 4o6 

absolute value, 113, 115* 11° 
addition 

fractions , . 258 

of rational expressions, 355 

of real numbers, 121, 125, 127, l4l 

on the number line, Ih 
addition method, 476 
addition property, 202, 205 

associative, 201 

commutative , 201 

identity element, l62, 201 

of equality, 133, l4l 

of opposites, 131, l4l 

of order, l87, l88, 190 

of zero, 57, 71, 131, 1^1 
additive inverse, 135, 201 
approximation, 299 

of ysr; 306 

associative property 

of addition, 24, 71, 130, l4l, 201 
of multiplication, 27, 71, 153, 201 

axis, 500 

base, 267 

basic operations, 180 

binary operation, 23, 110, 201 

binary relation, I85 

closure property 

of addition, 61, 71, 201 

of multiplication, 17, 27, 71, 201 

coefficient, 317 

collecting terms, 158 

combining terms, I58 

common names, 19, 229 

commutative property 

of addition, 25, 71, 130, l4l, 201 

of multiplication, 28, 71, 151, 1^6, 201 

comparison property, 105, l^^?-n^^' 

completing the square, 333, 368, 503 

compound sentence, 56 

with the connective and , 52 
with the connective or, 53 

constant, 317 

constant of variation, 438 

contains, 425 

contradiction, 173 



coordinate, 9, ^06 
coordinate axis, 407 
correspondence, 8 
counting nxambers, 2 
cube, 267 

cube root, 285 • 
degree of a polynomial, 317 
denominator, 223 

rationalizing, 296 
difference of squares. 325, 367 
distance betxveen, 114, 220 
distance from b to a, 219, 220 

distributive property, 31, 66, 67, 71, 1^6, 155* 202, 298, 320,367 
dividend, 359 
divisible by, 248 
division, 223, 24l 

checking, 226 

of polynomials, 358-359 
divisor, 359 
domain, 38, 102 
domain of definition, 516 
element of a set, 1 
empty set, 2 
equal sign, 19 
equality 

addition property of, 133, l4l 

properties of, 205 
equation, 50 

equations involving factored expressions, 388 
equivalent inequalities, 385 
equivalent open sentences, 377 
equivalent sentences, I69, 198 
existence of multiplicative inverse, l64 
exponents, 266, 267 

negative exponents , 273 

zero exponents, 273 
factoring, 347 
factoring a polynomial, 3l6 

factors and divisibility, 247 - 

factor of the integer, 248 

factoring over the positive integers, 252 

factors of sums, 263 

finite set, 5 i 
fourth roots, 286 
fraction, 9, 233 

adding, 236, 258 

subtracting, 258 
fractional equations, 391 
function, 516 
function notation, 519 
fundamental properties, 201 
fundamental theorem of arithmetic, 257 
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graph, 13, 4l6 

of a sentence, 55, 5o 
of functions, 524 

of open sentences involving absolute value, 
of open sentences involving- integers only, 
of open sentences with two variables, - 411 
of quadratic polynomials, 493 
of the polynomial, 437 

of the truth set of an open sentence, 48 
greater than, 49, I85 
greater than or equal to, 54 
grouping terms, 323 
horizontal change, 428 
identity element 

for -addition, 57, 162, 201 

for multiplication, 57> I62, 201 
if and only if, 169 
indicated division, 236 
indicated product, 19 
indicated quotient, 235, 236 
indicated sum, 19 
indirect proof, 174 
infinite set, 5 
integers, 9o, 252 
inverses , 18O 

addition, 135, 201 

multiplication, 162, l63, 172, 202 
irrational numbers, 98, II8, 299 

yi" is irrational, 287 
is approximately equal to, 302 
least common denominator, 259 
least common multiple, 59, 258 
less than, 49, 102, II8, 185 
less than or equal to, 54 
linear function, 529 
linear in x, 437 
member of a set, 1 
monomial , 317 
multiple , 5 

least common, 59, 258 
multiplication 

fractions, 230 

of a real number by -1, 155 

on the number line, l4 

real numbers, l45 
multiplication property, 202,- 205 

assc5ciative, 27, 71, 153 

commutative, 28, 71, 151, 201 

identity element, 57, 162, 201 

of equality, 167 

of one, 58, 71, 151, 236 

of order, 195, 196 

of zero, 58, 72, 151, 179 

of zero - converse, 179 

use of, 156 



multiplicative inverse, l62, l63, 172. 202 

natural numbers, 2 

negative exponents, 273 

negative number, 118 

negative real number, 98 

n th root, 286 

null set, 2 

number, 

irrational, 98, 118, 287, 299 

line, 7, 9, 97, 101 

natural, 2 

negative, ll8 

negative real, 98 

of arithmetic, 11 

positive, 113 

positive real, 98 

rational, 9, 98 

real, 98, II8 

whole, 2 
number line, 7, 9, 97, 101, 155 
number plane-, 405 
numbers of arithmetic, 11 
numerals, 19 
numerical phrase, 21 
numerical sentence, 22 
numerator, 223 

one, multiplication property of, 58, 71, 151 

open phrase, 42, 77 

open sentence, 42, 56, 82 

opposites, 108, 110, 118, 209 

addition property of, 131, l4l 
ordered pairs, 406 
order relation, I85 
ordinate, 406 
parabolas, 500, 534 
pattern, 196 

perfect square, 286, 330, 367 

phrase, 21 

polynomicil 

inequalities, 398 

over the integers, 314 

over the rational number, 347 

over the real numbers, 347 
positive number, 113 
positive real number, 98 . 
positive square root, 283 
power, 267 

prime factorization, 255 
prime numbers, 252, 254 

product of real numbers (definition), 147 
proof, 137 

by contradiction, 174, 288 
proper factor, 248 



properties 

of addition (see addition property) 
-of comparison, 105*118, I85, 202 
of equality, 205 
of exponents, 271 > 273 

of multiplication (see multiplication property) 
transitive property, 106, II8, 185, 202, 205 

proper subset, l4 

property, 23 

proportional, 48o ^ : 

quadratic equation, 505> 5^0 

quadratic formula, 5^5 

quadratic function, 531 

quadratic polynom^Lal, 317. 334, 368, 493 

quotient, 359 

radicals, 286, 290, 29^ 

range, 516 

ratio, 233, 480 

rational expression, 351 

rationalizing the denominator, 296 

rational ntimber. 9, 98 

real number, 90, II8 

reciprocals, 172, 175 

reductio ad absurdum, 174 

reflexivity, 205 

remainder. 359 

- roots >• "283— - - - ......^ 

satisfy a sentence, 412 
sentence, 22, 4l 

compound, 56 

numerical, 22 

open, 42, 56/ 82 
set, 1 

fempty, 2 

element of, 1 

finite, 5 

infinite, 5 

member of , 1 

null, 2 

solution. 134 

truth, 45, 56 
Sieve of Eratosthenes, 254, 255 
simplest name for a number, 242 

: slope, 427 

solutions, 134 

of equations, I67 
solution *of a sentence, 412 
solution set, 134 
solve, 134 
sq\iare, 267 

sq\iare of a non-zero number is positive, 197, I98 
square of a number, 44 
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sqiiare root, 283, 284, 300 

trial and error method, 300 
yt" is irrational, 287 

to approximate yx, 306 
squaring in eq\iations, 39^ 
standard form, 300, 503, 537 
structure, 201 
subset, 3 

substitution method, 482 
subtraction 

defi-nition of, 209, 2^1 

fractions, 258 

in terms of distance, 219 

is not associative, 213 

on the number liJ^e, 24l 
substitution method, 482 
successor, 7 
symbol "J^", 302 
systems of equations, 465 
systems of lneq\ialities , 485 
terms of a phrase, 158 
theorem, 138 

transitive property, I06, II8, I85, 202, 205 
translation 

from equality to order, 191 

from order to equality, 191, 193 
truth set, 45, 56, 167 

of a system. 466 
unique, 137, l64 
value of a function, 519 
variable, 37, 77, 102 

value of, 37 
vary directly, 438 
vary Inversely, 439 
vertical change, 428 
vertex, 500 
whole number, 2 
y-*form, 4l4 
y- intercepts , 426 
y-intercept numbers, 426 

zero , 
addition property of, 57, 71, 131, 141 
has no reciprocal, 174 
multiplication property of, 58, 72, 145 
zero exponents, 273 
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